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Apresentacdo

Marcus Vinicius Midena Ramos

vV v.vYy

Engenheiro Eletricista (EPUSP 1982);

Mestre em Sistemas Digitais (EPSUP 1991);

Doutor em Ciéncia da Computacdo (UFPE 2016);

Professor do curso de Engenharia de Computacdo da UNIVASF (desde
04/2018);

» Autor do livro Linguagens Formais (Bookman 2009);
» Professor das disciplinas:

» Teoria da Computacdo;

» Linguagens Formais e Autématos;

» Compiladores;

» Algoritmos e Programacdo.
Coordenador do grupo de estudos Provadores de Teoremas e suas
Aplica¢des (desde 07/2018)
Trabalha com a formalizacdo matematica de linguagens livres de
contexto usando o Coq (desde 2013).
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Motivacido

Motivacao
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Motivacido

Sobre 0 que vamos falar?

>

Matematica formal;

v

Prova interativa de teoremas;

v

Desenvolvimento interativo de programas certificados;

v

Assistentes de prova em geral;

v

Coq em particular.
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Motivacido

Objetivos

» Introduzir os Assistentes de Prova Interativos (também conhecidos
como Provadores de Teoremas);

» Discutir o seu papel no desenvolvimento de programas e na prova de
teoremas;

» Apresentar alguns projetos de formaliza¢do relevantes, tanto na
indastria quanto na academia;

» Apresentar tépicos das principais teorias utilizadas;
» Apresentar o assistente de provas Coq;
» Mostrar alguns exemplos;

» Fazer alguns exercicios.
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Motivacido

Provadores de Teoremas x Assistentes de Prova Interativos

Termos diferentes para designar a mesma coisa:

» “Provadores de Teoremas” é um termo bastante usado mas que n3o
corresponde 3 realidade das ferramentas:
Os provadores ndo provam teoremas, pelo menos nio sozinhos;

» Por isso, este é considerado um termo um pouco mais pretensioso (ou
ambicioso);

» Neste sentido, o termo “Assistentes Interativos de Provas’ é mais
razoavel:
Os assistentes ajudam o usudrio a construir provas e nio tem como
objetivo construi-las sozinhos;

» Ainda assim, os Assistentes Interativos de Provas oferecem alguns
recursos de automacdo que servem para casos especiais;

» Nesta apresentacdo, assim como na maior parte da literatura
especializada, os dois termos serdo usados de forma indistinta.
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Motivacido

Roteiro
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Apresentacdo
Motivacdo
Assistentes de Prova
Aplicacdes

Coq

Objetivos

Exemplo Completo
Exemplos e Exercicios

Teoria

@ Visso Geral

@ Légica Proposicional

@ Légica de Predicados

@ Deducao Natural

@ Calculo Lambda N&o-Tipado

@ Calculo Lambda Tipado

@ Correspondéncia de Curry-Howard

@ Teoria de Tipos

@ Construtivismo e BHK

@ Teoria de Tipos Intuicionistica de Martin L&f
@ Calculo de Construcdes com Defini¢des Indutivas

Conclusdes

Referéncias
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Motivacido

Histéria e pratica corrente

» Provas de teoremas:
» Informais;
» Dificeis de construir;
» Dificeis de verificar.
» Programas de computador:

» Informais;
» Dificeis de construir;
» Dificeis de testar.

» Coincidéncia?
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Motivacido

Histéria e pratica corrente

» NA VERDADE NAO, ja que a prova de teoremas e o
desenvolvimento de software possuem essencialmente a mesma
natureza;

» De acordo com a Correspondéncia de Curry-Howard, desenvolver um
programa € a mesma coisa que provar um teorema, € vice-versa;

» Explorar essa similaridade pode ser benéfica para ambas as atividades:

» Raciocinio (“‘reasoning”) pode ser introduzido na programacdo, e
» Computacdo pode ser usada na prova de teoremas.

» Como tirar proveito de tudo isso entdo?
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Motivacido

Perspectivas

» A formalizacdo matematica (“matematica codificada no
computador”) & a resposta;

» Raciocinio auxliado por computador;

» Uso de assistentes interativos de provas (provadores de teoremas).
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Motivacido

Questdes iniciais

» O que sdo teoremas ?

» O que sdo provas ?

» O que sdo provadores de teoremas ?
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Motivacido

Questdes iniciais

Perguntar n3o ofende:
» Coisa de maluco?
» Tem aplicacdo pratica?

» Por que eu deveria me interessar por isso?
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Motivacido

Questdes iniciais

Nova maneira de;
» Provar teoremas;

» Desenvolver software.
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Motivacido

Questdes iniciais

Provadores de Teoremas:
» Programa de computador;
» Existem varios disponiveis;

» Mudam a teoria subjacente (por exemplo, classica ou construtiva), as
linguagens e as interfaces;

» Geralmente s3o gratuitos;

» Disponiveis para varias plataformas (Windows, Linux, iOS);

» Fazem a verificacdo mecanica da correcdo de uma prova;

» Funcionam como assistente interativo para elaboracdo de provas;
» Eventualmente permitem a extracdo de programas;

» Usam diversas linguagens e teorias.
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Motivacido

Questdes iniciais

Vantagens para:
» Matematicos;
» Cientistas da computac3o;
» Programadores;
» Engenheiros de software;
» Empresas de desenvolvimento de software e hardware;

» Usuarios de programas, componentes e aplicativos.
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Motivacido

Questdes iniciais

Para os matematicos:
» Formalizacio;
» Seguranca;
» Publicacio;
» Compartilhamento;

» Reutilizac3o.
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Motivacido

Questdes iniciais

» Prova de teoremas e desenvolvimento de software , o que uma coisa
tem a ver com a outra?

» N3o s3o coisas completamente diferentes? Teoria e pratica?

» Tem tudo a ver!
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Motivacido

Questdes iniciais

Prova?

» Argumentacdo incontestavel sobre a validade de uma proposicio.

» Argumentacio?

» Incontestavel?

» Proposicdo?
Dependendo da audiéncia e das linguagens utilizadas, uma prova pode ou
ndo ser aceita como valida. O desafio é propor uma linguagem que seja

simples o suficiente para convencer tdas as audiéncias, incluindo e
principalmente as maquinas.
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Motivacido

Questdes iniciais

Teorema?
» Proposicdo n3o-trivial acerca de alguma definicdo ou conjunto de
definicdes.
» N3o-trivial?
» Definicio?

Exemplo: Vn,n? + n é par.
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Motivacido

Questdes iniciais

Teoria?
» Conjunto limitado de definigdes (uma ou mais);
» Conjunto, geralmente extenso, de teoremas (ou lemas) que dizem
respeito a(s) definicdo(Bes);
» Teoremas e lemas sdo propriedades n3o-triviais das definicdes e que,
por causa disso, necessitam ser demonstradas (provadas);
» As provas precisam ser formuladas em algum tipo de calculo;

» A simplicidade do calculo pode permitir que as provas sejam
verificadas automaticamente.

Exemplos: (i) Calculo Lambda e (ii) Linguagens Livres de Contexto.
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Motivacido

Questdes iniciais

Provar teoremas e desenvolver sofware?
» Correspondéncia de Curry-Howard;
» Deducdo Natural;

» Calculo Lambda.
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Motivacido

Questdes iniciais

Se alguns requisitos forem observados, a prova de um teorema se torna o
programa que atende a uma certa especificacdo.

» Provas < Programas;

» Proposicdes (ou Tipos) < Especificagdes.
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Motivacido

Questdes iniciais

Conseqiiéncia pratica:

» Provar um teorema é a mesma coisa que construir um programa!
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Motivacido

Questdes iniciais

Atividades usuais:

» Obter uma prova para um teorema, ou seja,
Prova = Teorema (Proposicdo);

» Construir um programa que atende uma especificacdo, ou seja,
Programa = Especificagdo (Tipo).
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Motivacido

Questdes iniciais

Correspondéncia de Curry-Howard:
» Provas sdo Programas;
» Programas sdo Provas;

» Proposicdes sdo Especificacbes;

v

Especificacdes sdo Proposicdes.
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Motivacido

Questdes iniciais

Desta forma, podemos:

» Construir uma especificacdo para um programa na forma de uma
proposicio;
» Construir uma prova para esta proposicio;

» Obter o programa a partir da prova.
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Motivacido

Questdes iniciais

Conseqiiéncias:
» Programas certificados;
» N3o ha necessidade de testes;
» Corretos por construcio;
» Maior confiabilidade.

Importancia decorre do uso generalizado e crescente de sistemas
computacionais, especialmente em aplicacdes que oferecem risco a vida ou
ao patriménio.
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Motivacido

Questdes iniciais

Requisitos:
» Conhecer Provadores de Teoremas;
» Conhecer a teoria subjacente;
» Experiéncia;

» Forca de vontade.
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Assistentes de Prova

Assistentes de Prova
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Assistentes de Prova

Characteristics

» Software tools that assist the user in theorem proving and program
development;

» First initiative dates from 1967 (Automath, De Bruijn);

» Many provers are available today (Coq, Agda, Mizar, HOL, Isabelle,
Matita, Nuprl...);

» Check The Seventeen Provers of the World
» Interactive;

» Graphical interface;

» Proof/program checking;

» Proof/program construction.
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Assistentes de Prova

The Seventeen Provers of the World

Marcus Ramos

The Seventeen Provers of the World

Compiled by Freek Wiedijk
(and with a Foreword by Dana Scott)

<trsektcs.ru.nl>
Radbond University Nijn

Abstract. We compar the stles of several prool ssistants for
omatics. We preset Pythagoras' proof of the irationality of v both
informal and formalized in (1) HOL, (2) Mizar, (3) PVS, (4) Cog, (5) Ot-
ter/luy, (6) Isabelle/Isar. (7) Alfo/Agda, (8) ACLZ (9) PhoX, (10) IMPS,
(11) Metamath, (12) Theoreraa, (13) Lego, (14) Nuprd, (15) Qmega, (16)
B method, (17) Minlog.

‘proof assistant._authorof proof page
informal Henk Barendregt 7

1 HOL Johu Harrison, Konrad Slind, Rob Arthan 18

2 Mizar Andrzej Trybulec 7

3 P Bart Jacobs, John Rushby

4 Coq Lausent Théry, Pierre Letouzey, Georges Gonthier

5 Otter/lyy  Michael Beeson, William McCune

6 Isabelle/Isar  Markus Wenzel, Larry Paulson

7 Alfa/Agda  Thierry Coguand

& ACL2 Ruben Gamboa

9 PhoX Cliristophe Raffalli, Paul Rozitre

10 IMPS William Farmer

11 Metamath  Norman Megill

12 Theorema  Walfgang Windsteiger, Bruno Buchberger, Markus

Rozenkranz
13 Lego Conor MeBride 118
14 Nuptl Paul Jackson

NIVASF)

Provadores de Teoremas

31 / 288



Assistentes de Prova

© The user writes a statement (proposition) or a type expression
(specification) in the language of the underlying logic;
© He constructs (directly or indirectly):
» A proof of the theorem;
» A program (term) that complies to the specification.

© Directly: the proof/term is written in the formal language accepted by
the assistant;

Q Indirectly: the proof/term is built with the assistance of an interactive
“tactics” language:

© In either case, the assistant checks that the proof/term complies to
the theorem/specification.
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Assistentes de Prova

Check and/or construct

» Proof assistants check that proofs/terms are correctly constructed;
» This is done via simple type-checking algorithms;

» Automated proof/term construction might exist is some cases, to
some extent, but this is not the main focus;

» Thus the name “proof assistant”;

» Automated theorem proofing might be pursued, due to “proof
irrelevance”;

» Automated program development, on the other hand, is unrealistic.
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Assistentes de Prova

Main benefits

» Proofs and programs can be mechanically checked, saving time and
effort and increasing reliability;

» Checking is efficient;
» Results can be easily stored and retrieved for use in different contexts;
» Tactics help the user to construct proofs/programs;

» User gets deeper insight into the nature of his proofs/programs,
allowing further improvement.
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Assistentes de Prova

Applications

v

Formalization and verification of theorems and whole theories;

v

Verification of computer programs;

v

Correct software development;

v

Automatic review of large and complex proofs submitted to journals;

Verification of hardware and software components.

v
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Assistentes de Prova

Drawbacks

» Failures in infrastructure may decrease confidence in the results (proof
assistant code, language processors, operating system, hardware etc);

» Size of formal proofs;
» Reduced numer of people using proof assistants;
» Slowly increasing learning curve;

» Resemblance of computer code keeps pure mathematicians
uninterested.
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Aplicactes

Marcus Ramos
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Aplicacdes

Questdes iniciais

O mundo esta mudando:
» Empresas de software estdo usando Provadores de Teoremas;
» Elas estdo contratando profissionais que sabem usa-los;
» Competitividade, produtividade e qualidade;
» Aplicacdes importantes;

» Mercado emergente.
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Aplicacdes

Questdes iniciais

Ja mudou alguma coisa?
> Intel;
» Microsoft;
» Compiladores, sistemas operacionais, chips, smart cards etc;
» Visivel na Europa e nos EUA;
» Imperceptivel no Brasil;
» Oportunidades de carreira e de empreendimento.
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Aplicacdes

Introduction

» Great and increasing interest in formal proof and program
development over the recent years;

» Main areas include:

» Programming language semantics formalization;
» Mathematics formalization;
» Education.

» Important projects in both academy and industry;
» Top 100 theorems (93% formalized as of November/2018);
» Check 100 Theorems;

» One way road.
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Aplicacdes

100 Theorems

Formalizing 100 Theorems

There used to exista on the web, which is a
rather arbitrary list (and most of the theorems seem rather elementary), but still is nice
tolook at. On the curtent page | will keep track of which thearems from this fist have
been formalized. Currently the fraction that already has been formalized seems to be

93%

The page does not keep track of all formalizations of these theorems. It just shows
formalizations in systems that have formalized a significant number of theorems, or
that have formalized a theorem that none of the others have done. The systems that
this page refers 1o are (in order of the number of theorems that have been formalized,
50 the more interesting systems for mathematics are near the top):

ngthm/ACL2
PVS
NUPRL/MetaPRL

Theorems in the list which have not been formalized yet are in talics. Formalizations of

proofs are in italics too. The difficult proofs in the list (according to John all
the others are not a serious challenge "given a week of two") have been underiined
The formalizations under a theorem are in the order of the list of systems, and ot in
chronological order.

Marcus Ramos (UNIVASF) Provadores de Teoremas 27/11/2018 41 / 288



Aplicacdes

A Sampler of Formally Checked Projects

Some remarkable projects:
» Four Color Theorem;
» Odd Order Theorem;
» Kepler Conjecture;
» Homotopy Type Theory and Univalent Foundations of Mathematics;
» Compiler Certification;
» Microkernel Certification;

» Digital Security Certification.
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Aplicacdes

Four Color Theorem

» Stated in 1852, proved in 1976 and again in 1995;

» The two proofs used computers to a some extent, but were not fully
mechanized;

» In 2005, Georges Gonthier (Microsoft Research) and Benjamin Werner
(INRIA) produced a proof script that was fully checked by a machine;

» Milestone in the history of computer assisted proofing;
» 60,000 lines of Coq script and 2,500 lemmas;
» Byproducts.
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Aplicacdes

Four Color Theorem

According to Wikipedia:

“In mathematics, the four color theorem, or the four color map
theorem, states that, given any separation of a plane into
contiguous regions, producing a figure called a map, no more
than four colors are required to color the regions of the map so
that no two adjacent regions have the same color. Adjacent
means that two regions share a common boundary curve
segment, not merely a corner where three or more regions meet.”
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Aplicacdes

Four Color Theorem
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Aplicacdes

Four Color Theorem

“Although this work is purportedly about using computer
programming to help doing mathematics, we expect that most of
its fallout will be in the reverse direction using mathematics to
help programming computers.”

Georges Gonthier
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Aplicacdes

Odd Order Theorem

» Also known as the Feit-Thomson Theorem;

» “In mathematics, the Feit—-Thompson theorem, or odd order theorem,
states that every finite group of odd order is solvable” (Wikipedia);

» Important to mathematics (in the classification of finite groups) and
cryptography;

» Conjectured in 1911, proved in 1963;

» Formally proved by a team led by Georges Gonthier in 2012;

» Six years with full-time dedication;

» Huge achievement in the history of computer assisted proofing;

» 150,000 lines of Coq script and 13,000 theorems;
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Aplicacdes

Opportunity

Fermat’s Last Theorem

Statement in Coq:
Theorem Fermat: forall x y z n: nat, (x"n+y"n=z"n)->(n<=2).

According to Wikipedia:

» “In number theory Fermat’s Last Theorem (sometimes called Fermat’s
conjecture, especially in older texts) states that no three positive
integers a, b, and c satisfy the equation a™ + b™ = ¢" for any integer
value of n greater than 2",

» “This theorem was first conjectured by Pierre de Fermat in 1637 in the
margin of a copy of Arithmetica where he claimed he had a proof that
was too large to fit in the margin. The first successful proof was
released in 1994 by Andrew Wiles, and formally published in 1995,
after 358 years of effort by mathematicians. The proof was described

as a 'stunning advance’ in the citation for his Abel Prize award in
2016".
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Aplicacdes

Compiler Certification

» CompCert, a fully verified compiler for a large subset of C that
generates PowerPC code;

» Object code is certified to comply with the source code in all cases;
» Applications in avionics and critical software systems;

» Not only checked, but also developed in Cogq;

» Three persons-years over a five yers period;

» 42,000 lines of Coq code.
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Aplicacdes

Microkernel Certification

» Critical component of operating systems, runs in privileged mode;

» Harder to test in all situations;

» selL4, written in C (10,000 lines), was fully checked in HOL/Isabelle;
» No crash, no execution of any unsafe operation in any situation;

» Proof is 200,000 lines long;

» 11 persons-years, can go down to 8, 100% overhead over a
non-certified project.

Marcus Ramos (UNIVASF) Provadores de Teoremas 27/11/2018 50 / 288



Aplicacdes

Digital Security Certification

» JavaCard smart card platform;

» Personal data such as banking, credit card, health etc;

» Multiple applications by different companies;

» Confidence and integrity must be assured;

» Formalization of the behaviour and the properties of its components;
» Complete certification, highest level achieved;

» INRIA, Schlumberger and Gemalto.
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Questdes iniciais

O profissional do futuro precisa conhecer e
saber usar a teoria. Provadores de
Teoremas sdo apenas uma ferramenta.
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Coq

Marcus Ramos

IVASF) Provadores de Teoremas 27/11/2018 53 / 288



Visao Geral

Coq é simultaneamente:

» Uma linguagem de programacdo funcional (que pode ser usada para
construir programas e realizar computacdes);

» Um assistente interativo de provas que possibilita a extracio de
cédigo;

» E justamente o uso combinado destes recursos que o torna uma
ferramenta muito poderosa.
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Visao Geral

Coq pode ser executado em linha de comando ou através de uma interface
grafica (CoqlDE ou Proof General).

» Coq implementa duas linguagens, Gallina e Vernacular ;

» Gallina é a linguagem usada para representar termos (provas e
programas) e proposicdes (teoremas e tipos);
» Gallina é baseada no Calculo de Contrucdes com Definicdes Indutivas;

» Vernacular é a linguagem de comando para interacdo com o usuério.
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Overview

» Developed by Huet/Coquand at INRIA in 1984,
» First version released in 1989, inductive types were added in 1991;
» Continuous development and increasing usage since then;

» The underlying logic is the Calculus of Constructions with Inductive
Definitions;

» It is implemented by a typed functional programming with a higher
order logic language called Gallina;

> Interaction with the user is via a command language called Vernacular,

» Constructive logic with large standard library and user contributions
base;

» Extensible environment;
» Check Coq Home Page for downloads, documentation, communities
and much more.
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User session

The proof can be constructed directly ou indirectly . In the indirect case:
» The initial goal is the theorem or specification supplied by the user;
» The initial context of the proof is usually empty;

» The application of a “tactic”, on either the current goal or one of the
premises, substitutes the current goal for zero or more subgoals, or
changes the context accordingly;

» This creates the notion of a stack of subgoals, all of which have to be
proved in reverse order;

» The context changes and may incorporate new premises;
» The process is repeated for each subgoal, until no subgoal remains;

» The proof/expression is then constructed, checked and saved by the
proof assistant from the sequence of tactics used.
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Tactics usage

» Inference rules map premises to conclusions;

» Forward reasoning is the process of moving from premises to
conclusions;
» Example: from a proof of a and a proof of b one can prove a A b;

» Backward reasoning is the process of moving from conclusions to
premises;
» Example: to prove a A b one has to prove a and also prove b;

» Coq uses backward reasoning;
» They are implemented by “tactics”;

» A tactic reduces a goal to its subgoals, if any, changes the context or
simply proves the goal.
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Uma interface grafica para uso do Coq:

» Menus, atalhos e preferéncias;

» Lado esquerdo: editor de scripts (seqiiéncia de defini¢des e
lemas/teoremas da teoria que se deseja formalizar);

» Lado direito em cima: contexto usado na prova (“goal” corrente e
conjunto de premissas disponiveis);

» Lado direito embaixo: mensagens do sistema para o usuario.
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CoqIDE

% Coglde
File Edit View Navigation Try Tactics Templates Queries Compile Windows Help |

BEX320FE0E> @

@ scrotct|
Melcome to CoqIDE, an Integrated Development Environment for C
ot e tusnsmg The Cod Proot Assictnt, vrsion 5.gla (une 201)

[Ready Jline: 1char: 1| Coglde started

27/11/2018 / 288
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CoqIDE

File Edit View Navigation Try Tactics Templates Queries Compie Windows Help

BEX320F L2000

@misc_arith.v|

roof.

fLemna n_minus_1:
[forall n: nat,
h<e-=n1i<n
Pproof.

fintros n H.
ldestruct n.

- omega.

- omega.

laed..

[Leina; gt zero_ exists:
[forall 17 nat,

s,

lintros i H.

ldestruct 1.

|- omeg:

pvereg
reflexivity.
d.

lLenna_max_n_n:
orall n: nat,

linduction n.

simpl.
reflexivity.

=] [T subgoals
i : nat

H:si>0

pxists 3 s nat, s1=57

(1/1)

[Ready, proving gt zero_exists

tine:_66 char: 2] Coalde stiRd |
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[ subgoals
B2

Il : nat
2 : nat
HL : n

>1
H2 : nl < n2
(1/1)

~nl<nn2

Marcus Ramos
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CoqIDE

Exemplo de sessdo, prova da proposicio:

Lemma example:
vV ab c: Prop,
(a— (b— <))— (b— (a— (bA <))).

» Seqiiéncia de taticas;

» Pode-se avancar (ctrl-arrow-down) ou retroceder (ctrl-arrow-up) tatica
por tatica;

» Thaticas ja processadas tornam-se verdes e ficam “travadas”;

» Observe a mudanca do “goal” e a geracdo de novos “subgoals™;

» Observe a mudanca do contexto.
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CoqIDE

Script que constrdi a prova:

Lemma example:
vV ab c: Prop,
(a— (b— ¢))— (b— (a— (bA <))).
Proof.
intros a b ¢ H1 H2 H3.
split.
— exact H2.
— apply H1.
+ exact H3.
+ exact H2.
Qed.
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Prova:

Print example.

example =

fun (abc:

Prop) (H1: a - b —¢) (H2: b) (H3:

= conj H2 (H1 H3 H2)

cVabc:

Marcus Ramos (UNIVASF)
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CoqIDE

¥ Coqlde - o X

File Edit View Navigation Try Tactics Templates Queries Compile Windows Help

BX322F20¢50
E*scratch*l

emma_example:
forall a b c: Prop,
(a -> (b ->¢c)) -> (b ->(a -> (b /\ c))).
Proof.
intros a b ¢ H1 H2 H3.
split.
- exact H2.
- apply H1.
+ exact H3.
+ exact H2.
Qed.

Ready ytine: 1char 1| Cuqlde-sﬁed

Provadores de Teoremas 27/11/2018 66 / 288



CoqIDE

¥ Coqlde - o X

File Edit View Navigation Try Tactics Templates Queries Compile Windows Help

BX322F20¢50
E*scratch*l

[Cemma example: [L subgoals
forall a b e: Prop, (1/1)
(a ? (b ->¢)) > (b -=(a->(b/ci)). forall abc : Prop, (a =b =¢) -=b ->a ->b /\ ¢
Proof,
intros a b ¢ H1 H2 H3.
split.
- exact H2.
- apply H1.

+ exact H3.

+ exact H2.
Qed.

Ready. proving example //;,Lina: 3char 43| Cuqlde.sﬁed
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CoqIDE

¥ Coglde

File Edit View Navigation Try Tactics Templates Queries Compile Windows Help

BEX?49FEI0LHe>0

E*scratch*l

[Cemma example: L subgoals

forall a b e: Prop, la : Prop
a->1(b->¢c)) ->(b->(a->(b/c))). b : Prop

|Proof. £ : Prop

lintros a b ¢ H1 H2 H3.| H1 :a >b >c¢

split. H2 : b

- exact H2. H3 : a

- apply H1. (1/1)
+ exact H3. VXTE
+ exact H2.

Qed.

Ready. proving example

2

;Line:  5.Char 23| Cuqlde.sﬁed
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CoqIDE

¥ Coqlde - o X
File Edit View Navigation Try Tactics Templates Queries Compile Windows Help
BX322F20¢50
E*scratch*l
[Cemma example: 2 subgoal
forall a b e: Prop, la : Prop
(@ -> (b ->¢c)) - (b ->(a -=(b/ cl)). b : Prop
proof. lc : Prop
fintros a b ¢ H1 H2 H3. Hl :a >b ->¢
split.] H2 : b
- exact H2. H3 : a
- apply H1. (1/2)
+ exact H3. H
+ exact H2. i (272)
Qed. lc
Ready. proving example jine: 6 Char 7| Cuqlde.sﬁed
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CoqIDE

¥ Coqlde - o X
File Edit View Navigation Try Tactics Templates Queries Compile Windows Help
BX322F20¢50
E*scratch*l
[Cemma example: L subgoals
forall a b e: Prop, la : Prop
(@ -> (b ->¢c)) - (b ->(a -=(b/ cl)). b : Prop
|Proof. £ : Prop
fintros a b ¢ H1 H2 H3. Hl :a >b ->¢
split. H2 i b
fexact H2. H3 : a
- apply H1. (1/1)
+ exact H3. H
+ exact H2.
Qed.
Ready. proving example jine: 7 char 2| Cuqlde.sﬁed
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CoqIDE

¥ Coqlde - o X

File Edit View Navigation Try Tactics Templates Queries Compile Windows Help

EXtrwuT i ¢ 0
[=*scratch® |

[Cemma example: [This subpreof 1s complete, but there are still unfocused goals:
forall a b e: Prop,
(a -> (b ->¢)) -> (b ->(a -> (b /A c))). lc
[Proaf.
fintros a b ¢ H1 H2 H3.
split.
- exact H2.|
- apply H1.

+ exact H3.

+ exact H2.
Qed.

Ready. proving example //;,Lina: 7 char: 1z| Cuqlde.sﬁed
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CoqIDE

¥ Coglde

File Edit View Navigation Try Tactics Templates Queries Compile Windows Help

BEX?49FEI0LHe>0

E*scratch*l

[Cemma example: L subgoals

forall a b e: Prop, la : Prop
a->1(b->¢c)) ->(b->(a->(b/c))). b : Prop

|Proof. £ : Prop

fintros a b ¢ H1 H2 H3. Hl :a >b ->¢

split. H2 : b

- exact H2, H3 : a

-| apply H1. (1/1)
+ exact H3. Ha
+ exact H2. 3

Qed.

Ready. proving example

4Lma: 8 Char 2| Cuqlde.sﬁed
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CoqIDE

¥ Coglde

File Edit View Navigation Try Tactics Templates Queries Compile Windows Help

BEX?49FEI0LHe>0

E*scratch*l
[Cemma example: 2 subgoal
forall a b e: Prop, la : Prop
a->1(b->¢c)) ->(b->(a->(b/c))). b : Prop
|Proof. £ : Prop
fintros a b ¢ H1 H2 H3. Hl :a >b ->¢
split. H2 : b
- exact H2, H3 : a
- apply H1.| (1/2)
+ exact H3. ia
+ exact H2. i (272)
Qed.

Ready. proving example

2

;Line: 8 Char 1z| Cuqlde.sﬁed
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CoqIDE

¥ Coglde

File Edit View Navigation Try Tactics Templates Queries Compile Windows Help

BEX?49FEI0LHe>0

[=*scratch® |

[Cemma example: L subgoals
forall a b e: Prop, la : Prop
(@ -> (b ->¢c)) - (b ->(a -=(b/ cl)). b : Prop
|Proof. £ : Prop
fintros a b ¢ H1 H2 H3. Hl :a >b ->¢
split. H2 : b
- exact H2, H3 : a
- apply H1. (1/1)
exact H3. ia
+ exact H2. 3
Qed.

Ready. proving example

4Lma: 9 Char 4| Cuqlde.s‘ﬁed
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CoqIDE

¥ Coqlde - o X

File Edit View Navigation Try Tactics Templates Queries Compile Windows Help

BX322F20¢50
E*scratch*l

[Cemma example: [This subpreof 1s complete, but there are still unfocused goals:
forall a b e: Prop,
(a -> (b ->¢)) -> (b ->(a -> (b /A c))). b
[Proaf.
fintros a b ¢ H1 H2 H3.
split.
- exact H2,
- apply H1.

+ exact H3.|

+ exact H2.
Qed.

Ready. proving example //;,Lina: 9 Char: 14| Cuqlde.sﬁed
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CoqIDE

¥ Coqlde - o X
File Edit View Navigation Try Tactics Templates Queries Compile Windows Help
BX322F 20 e50

E*scratch*l

[Cemma example: L subgoals

forall a b e: Prop, la : Prop

(@ -> (b ->¢c)) - (b ->(a -=(b/ cl)). b : Prop

|Proof. £ : Prop

fintros a b ¢ H1 H2 H3. Hl :a >b ->¢

split. H2 : b

- exact H2, W3t a

- apply H1. (1/1)

+ exact H3.

exact H2.

Qed.
Ready. proving example //;,Lina: 10 Char 4| Cuqlde.sﬁed
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CoqIDE

¥ Coqlde - o X
File Edit View Navigation Try Tactics Templates Queries Compile Windows Help
BEX?49FEI0LHe>0

[=*scratch® |

[Lemma_example: o more subgeals.
forall a b e: Prop,
(a -> (b ->¢)) -> (b ->(a -> (b /A c))).
[Proaf.
fintros a b ¢ H1 H2 H3.
split.
- exact H2,
- apply H1.
+ exact H3.
+ exact Hz.|
Qed.

Ready. proving example jbne: 10 Char 14| Cuqlde.sﬁed
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CoqIDE

¥ Coqlde - o X
File Edit View Navigation Try Tactics Templates Queries Compile Windows Help
BEX?49FEI0LHe>0

[=*scratch® |

[Cemma example:
forall a b e: Prop,
(a -> (b ->¢)) -> (b ->(a -> (b /A c))).
[Proaf.
fintros a b ¢ H1 H2 H3.
split.
- exact H2,
- apply H1.
+ exact H3.
+ exact H2.
ed.|

[exanple 1s defined

Ready _jine: 11 char 5} cnqme.s@d
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Example 1: Coq session

Direct proof construction

Parameters a b c: Prop.
Definition tO: (a->b->c)->b->a->c:=

fun (H: a->b->c)(H1: b) (H2: a)=>
H H2 H1.
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Example 1: Coq session

Indirect proof construction

Parameters a b c: Prop.

Theorem t1: (a->(b->c))->(b->(a->c)).
Proof.

intro H.

intro H1.

intro H2.

apply H.

exact H2.

exact H1.

Qed.
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Example 1: Coq proof

fun
(H:a->b->¢)
(H1 : b)

(H2 : a)

=>

H H2 H1

(a->b->c¢c) -=>b ->a->c¢

Az®= =0 A A2 g2yt (a = (b= ¢)) = (b= (a = c))
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Example 2: Coq session

Indirect proof construction

Parameters a b: Prop.

Theorem t2: (a /\ b)->(b /\ a).
Proof.

intro H.

destruct H as [H1 H2].

split.

exact H2.

exact H1.

Qed.
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Example 2: Coq proof

fun

H:a/\b

=>

match H with

| conj H1 H2 => conj H2 H1
end

:a/\b->b /\ a

Az conj(second ) (firstz) : (a Ab) = (bAa)
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Example 3: Coq session

Indirect proof construction

Parameters a b: Prop.
Theorem t3: (a\/(a /\ b))->a.
Proof.

intro H.

destruct H as [H1 | H2].
trivial.

destruct H2 as [H3 H4].

exact H3.

Qed.
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Example 3: Coq proof

fun

H:a\/a/\b

=>

match H with

| or_introl H1 => H1

| or_intror (conj H3 _) => H3
end

:a\ a/\b ->a

A\p@V (1) (zase p (\x.z)(\y.firsty)) : (aV (a Ab)) = a
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Example 4: Coq session

Indirect proof construction

Parameters a b: Prop.

Theorem t4: (a->b)->(~ b->~ a).
Proof.

intro H.

intro H1.

intro H2.

apply H1.

apply H.

exact H2.

Qed.
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Example 4. Coq proof

fun
(H:a->hb)
(H1 : ~ b)
(H2 : a)

=>

H1 (H H2)

(a->b) >~b ->~a

Az N2l Ay z(zy) ¢ (a — b) — (=b — —a)
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Example 5: Coq session

Indirect proof construction

Parameter R: Prop->Prop->Prop.
Theorem t5: (forall x: Prop, R x x)->
(forall x: Prop, exists y: Prop, R x y).
Proof.
intro H.
intro x.
exists x.
exact (H x).
Qed.
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Example 5: Coq proof

fun

(H : forall x : Prop, R x x)
(x : Prop)

=>

ex_intro (fun y : Prop => R x y) x (H x)
(forall x : Prop, R x x) ->
forall x : Prop, exists y : Prop, Rx y

ArAt.ey.(ry,t) : (Ve.R(z,z) = (Vo.3y.R(z,y))
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Objetivos
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Objetivos

Questdes iniciais

Objetivos:
» Despertar o interesse pelo assunto;

» Apresentar uma técnica inovadora que estd mudando a forma de se
fazer matematica e de se desenvolver software;

» Estudar Provadores de Teoremas e Coq em particular;
» Entender o que é formalizacdo matematica;
» Provar teoremas simples;

» Aprender como usar Coq para o desenvolvimento de software
certificado;

» Incentivar o estudo continuado e a atuacdo na area, com pesquisas e
publicacdes;

» Estimular a participacdo no nosso grupo de estudos.
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Objetivos

Questdes iniciais

Teorias envolvidas:
> Logica;
» Teoria de Provas;
» Deducio Natural,
» Calculo Lambda (n3o-tipado e tipado);
» Teoria de Tipos;
» Curry-Howard,;
» Construtivismo;
» Técnicas de prova (inducdo etc)

> etc.
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Objetivos

Questdes iniciais

Objetos de estudo:
» Teorias (slide anterior);
> Coq;
» Exemplos;
» Exercicios;
» Estudos de caso;
» Slides, artigos e livros.

Muito estudo, muita persisténcia, muito tempo e muita dedicacdo.
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Objetivos

Questdes iniciais

Em resumo:
» N3o é facil;
» Aprendizado lento;
» Exige muita dedicacio;
> Area ativa de pesquisa;
» Aplicacdes comerciais e académicas de grande relevancia;
» Muitas oportunidades na academia e na indistria;
» Tendéncia irreversivel na matematica e na computacio;
» E o futuro (da matématica e do desenvolvimento de software);

» Grande oportunidade.
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Exemplo Completo
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Exemplo Completo

Especificacdo de um Programa

Aloritmo de ordenacio

Como especificar um algoritmo de ordenagdo?

» Definir o dominio (listas de nimeros inteiros);

» Relacionar entrada, saida e requisitos:

Entrada: uma lista de nimeros inteiros (repeticdes sdo permitidas);
Saida: uma lista de nimeros inteiros;

Requisito 1: as listas possuem os mesmos elementos (permutacéo);
Requisito 2: a lista de saida deve estar “ordenada”.

v

v vy

» Escrever a proposicdo/especificacdo;
» Provar o teorema/construir o programa que implementa a
especificacdo.
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Exemplo Completo

Objetivo

» Construir um programa certificado que ordena uma lista de nameros
inteiros;
» Passos:
» Formular a especificacdo do programa na forma de uma proposicdo da
|6gica de predicados;
» Tratar a especificacdo como um teorema e construir a prova do mesmo;
» Extrair o programa certificado a partir da prova.
» Extraido do livro:
Interactive Theorem Proving and Program Development
Yves Bertot e Pierre Castéran
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https://www.labri.fr/perso/casteran/CoqArt/

Exemplo Completo

Observacdes gerais

» Muitos detalhes;
» N3o se preocupem em entender tudo;

» Busquem apenas uma intuicdo inicial do que estd sendo feito e como
esta sendo feito;

» Mais importante é ter uma visdo geral da dindmica e do tipo de
trabalho envolvido;

» A plena compreensdo vird depois, com o tempo e a pratica.
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Exemplo Completo

Script Coq

» Texto corrido;

» Processado de cima para baixo, esquerda para a direita;
» Mensagens de erros e interacdo com o usuario;

» Defini¢des (indutivas e ndo-indutivas);

» Funcdes (recursivas e ndo-recursivas);

» Lemas e teoremas (proposicdes provadas de forma interativa usando
um conjunto de taticas e regras de inferéncia; as provas sdo criadas
indiretamente).
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Exemplo Completo

Script Coq

» Novos nomes s3o inroduzidos em cada nova definicdo, lema, teorema
ou outro;

» Utilizacdo nas etapas seguintes;

» (lema A é usado para provar B, que por sua vez é usado para provar C
e assim por diante)

» Computacdo e deducdo;
Lema ou teorema final;

Provas completas;

» Contexto;
» Inducdo;
» O script ndo é a proval

» Extracdo de cédigo.
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Exemplo Completo

Objetivo

Construir um programa certificado que ordena listas de niameros inteiros.
» Namero inteiro?
» Lista?
» Lista ordenada?
» Qual seria a especificacdo deste programa?
» Uma vez especificado, como construimos a prova?
» Da prova, como extraimos o programa certificado?

> Série de defini¢des (algumas indutivas outras ndo) e lemas.

Marcus Ramos (UNIVASF) Provadores de Teoremas 27/11/2018 101 / 288



Exemplo Completo

Namero Natural

» Um tipo de dados definido de maneira indutiva:

» Existe pelo menos um caso base;
» Existe pelo menos um caso indutivo.

» Dois construtores apenas;

» Construtores sdo funcdes usadas para construir os valores do tipo que
esta sendo definido;

» A express3o a direita do “:” representa o tipo da funcdo;

» O construtor (fun¢do) O ndo tem argumentos e representa o valor
“zero” (caso base);

» O construtor (fungdo) S tem um Gnico argumento e representa
“sucessor” de um namero natural, que também é um namero natural
(caso indutivo);

» Os nameros naturais sdo representados em unario.
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Exemplo Completo

Namero Natural

Definicdo de namero natural em Coq:

Inductive nat: Type =
| 0: nat
| S: nat — nat.

Exemplos:
0 (0)
50 o)
5 (5 0) )
S G0 | ()
()
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Exemplo Completo

Defini¢do de lista em Coq:
» Um tipo de dados definido de maneira indutiva:

» Existe pelo menos um caso base;
» Existe pelo menos um caso indutivo.

» Parametrizado em fun¢do do tipo do elemento (A);

» Dois construtores apenas:
» nil representa “lista vazia” (caso base);
» cons representa “acréscimo de elemento a esquerdasucessor’ (caso
indutivo).
» Tipo polimérfico (serve para qualquer tipo de elemento);

» Faz uso intensivo de “notacdes’.
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Exemplo Completo

Defini¢do de lista em Coq:
Inductive list (A : Type) : Type :=
| nil: list A

| cons: A — list A — list A.

Exemplos:
nil nil (]
cons 3 nil 3 :: nil [3]
cons (3 (cons (4 (cons 5 mnil)))) | 3 :: 4 :: 5 : nil | [3;4;5]
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Exemplo Completo

Lista Ordenada

Definicdo de lista ordenada em Coq:

» Uma proposicdo definida de maneira indutiva:

» Existe pelo menos um caso base;

» Existe pelo menos um caso indutivo.
» Uma colecdo infinita de proposicBes definida de maneira indutiva;
» Usaremos niimeros inteiros (Z) no lugar de nimeros naturais (nat).

» Trés construtores:

» sortedO: lista vazia é ordenada por definicio;

» sortedl: lista com um Gnico elemento é ordenada por definicio;

» sorted2: um nimero menor ou igual que o cabeca de uma lista
ordenada, quando inserido no inicio da mesma, produz uma lista
igualmente ordenada;

» Os construtores de uma proposicio definida de maneira indutiva sdo
considerados axiomas , proposicbes que sio aceitas validas sem
provas.
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Exemplo Completo

Lista Ordenada

Definicdo de lista ordenada em Coq:

Inductive sorted : 1list Z — Prop :=

| sortedO: sorted nil
| sortedl:V z:Z, sorted (z:nil)
| sorted2:Vzlz2:Z,
vV 1:1list Z,
z1 < z2 — sorted (z2::1)

Exemplos:

— sorted (z1:z2::1).

Proposicao Construtores utilizados
sorted nil sorted0
sorted (3::nil) sortedl

sorted (2::3::nil)

sortedl e sorted2

sorted (1::2::3::nil)

sortedl, sorted2 e sorted2
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Exemplo Completo

Prova de Ordenacdo

Prova de que a lista 2::3::5::7::nil é ordenada:

Lemma sorted_example:
sorted (2::3::5::7:: nil).
Proof.
apply sorted2.
omega.
apply sorted2.
+ omega.
+ apply sorted2.
* omega.
* apply sortedl.
Qed.

Marcus Ramos (UNIVASF) Provadores de Teoremas 27/11/2018 108 / 288



Exemplo Completo

Sublista Ordenada

Teorema auxiliar que prova que a remocio do elemento cabeca de uma
lista ordenada preserva a ordenacdo da lista restante:

Theorem sorted_inv :

Yz Z,

V 1:list Z,

sorted (z::1) — sorted 1.
Proof.

intros z 1 H.

inversion H.

apply sortedO.

exact H3.

Qed.
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Exemplo Completo

Namero de Ocorréncias

Funcdo recursiva que computa o nimero de ocorréncias de um mesmo
elemento numa lista:

Fixpoint nb_occ (z:Z) (1:1list Z): nat:=
match 1 with
| nil =0
| (z' = 1) =
match Z_eq_dec z z' with
| left _ = S (nb_occz 1)
| right _ = nb_occz 1’
end
end.
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Exemplo Completo

Permutacao

Proposicdo (predicado) que indica se uma lista é ou ndo é ordenada:

Definition permutation (1 1:1list Z) : Prop :=

Y z:.Z,

nb_occz1l =mnb_occz 1l

A palavra-chave “Definition” também é usada para introduzir funcées
ndo-recursivas . Se a funcdo for recursiva deve-se usar “Fixpoint”.
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Exemplo Completo

Insercdo

Funcdo recursiva que insere um ndmero inteiro numa lista ordenada, de
modo que a mesma continue ordenada:

Fixpoint insert (z:Z) (1:list Z): list Z :=
match 1 with
| nil = z :: nil
| consal =
match Z_le_gt_dec z a with
| left _ =z a1
| right _ = a :: (insert z 1')
end
end.
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Exemplo Completo

Em Resumo

Temos todos os elementos para formular a proposicdo que se deseja provar:

» Sabemos os que € um namero natural (e inteiro);

v

Sabemos o que é uma lista;

v

Sabemos o que é uma lista ordenada;

v

Sabemos o que é uma permutacio;

v

Sabemos inserir numa lista preservando a ordenacdo.

Portanto, podemos formular a especificacdo que desejamos provar.
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Exemplo Completo

Objetivo

Provar a proposicao:

Lemma sort_correct:

V1. list Z,

31" list Z,

permutationl 1’ A sorted 1'.

> A prova desta proposicdo garante a existéncia de uma lista ordenada
equivalente (com os mesmos elementos) para qualquer outra que se
considere;

» Um programa certificado pode ser extraido desta prova.
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Exemplo Completo

Script Coq da Prova

Proof.
induction 1.
— Jdnil.
split.
+ apply permutation_refl.
+ apply sortedO.
— destruct IH1 as [1' [H1 H2]].
3 (insert a 1).
split.
+ apply permutation_trans with (12:=a 1 1').
* apply permutation_cons.
exact H1.
* apply insert_permutation
+ apply insert_sorted.
exact H2.
Qed.
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Exemplo Completo

sort_correct =
fun 1 : list Z =>

list_ind
(fun 10 : list Z => exists 1’ : list Z, permutation 10 1’ /\ sorted 1’)
(ex_intro (fun 1’ : list Z => permutation nil 1’ /\ sorted 1’) nil

(conj (permutation_refl nil) sorted0))
(fun (a : Z) (10 : list Z)
(IH1 : exists 1’ : list Z, permutation 10 1’ /\ sorted 1’) =>
match IH1 with
| ex_intro _ 1’ (conj H1 H2) =>
ex_intro (fun 1°0 : list Z => permutation (a :: 10) 1’0 /\ sorted 1’0)
(insert a 1)
(conj
(permutation_trans (a :: 10) (a :: 1’) (insert a 1°)
(permutation_cons a 10 1’ H1) (insert_permutation 1’ a))
(insert_sorted 1’ a H2))
end) 1
: forall 1 : list Z, exists 1’ : list Z, permutation 1 1° /\ sorted 1’
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Exemplo Completo

O Programa Extraido 1(4)

type _ Obj.t
let __ let rec £ _ = Obj.repr f in Obj.repr f
type ’a list =

| Nil

| Cons of ’a * ’a list
type comparison =

| Eq

| Lt

| 6t

(** val compOpp : comparison -> comparison **)
let compOpp = function
| Eq -> Eq

| Lt -> Gt

| 6t -> Lt

type sumbool =

| Left

| Right

type positive =

| XI of positive

| X0 of positive

| XH
type z =

| zo0

| Zpos of positive

| Zneg of positive
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Exemplo Completo

O Programa Extraido 2(4)

module Pos =
struct
(** val compare_cont : comparison -> positive -> positive -> comparison *x)
let rec compare_cont r x y =
match x with
| XI p ->
(match y with
| XI q -> compare_cont r p q
| X0 q -> compare_cont Gt p q
| XH -> Gt)
| X0 p ->
(match y with
| XI q -> compare_cont Lt p q
| X0 q -> compare_cont r p q

| XH -> Gt)
| XH ->
(match y with
| XH -> r
| _ -> L)

(** val compare : positive -> positive -> comparison **)
let compare =
compare_cont Eq

end
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Exemplo Completo

O Programa Extraido 3(4)

module Z =
struct
(% val compare : z -> z -> comparison *%)
let compare x y =
match x with

| 20 ->
(match y with
| 20 -> Eq

| Zpos _ -> Lt
| Zneg _ -> Gt)
| Zpos x? ->
(match y with
| Zpos y? -> Pos.compare x’ y’
| _ -> Gt)
| Zneg x’ ->
(match y with
| Zneg y’ -> compOpp (Pos.compare x’ y’)
| _ -> Lt)
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Exemplo Completo

O Programa Extraido 4(4)

(*x val z_le_dec : z -> z -> sumbool *x)
let z_le_dec x y =
match Z.compare x y with
| Gt -> Right
| _ -> Left
(*x val z_le_gt_dec : z -> z -> sumbool *x)
let z_le_gt_dec x y =
z_le_dec x y
(** val insert : z -> z list -> z list *x)
let rec insert z0 = function
| Nil -> Cons (z0, Nil)
| Cons (a, 1?) ->
(match z_le_gt_dec z0 a with
| Left -> Cons (z0, (Cons (a, 17)))
| Right -> Cons (a, (imsert z0 17°)))
(** val sort_correct : __ *x)
let sort_correct =
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Exemplos e Exercicios

Exemplos e Exercicios
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Exemplos e Exercicios

ProofWeb

Versdo web do Coq:
» Pode ser usada via navegador (Firefox);
» N3o precisa baixar nem instalar;
» Disponivel em http://proofweb.cs.ru.nl;
» Clicar em “Guest login”;
» Clicar em “Access the interface”;
» Alternativamente, é possivel se identificar e salvar os arquivos;
» Oferece também cursos na area;

» Suporta diversos assistentes de prova.
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Exemplos e Exercicios

ProofWeb 1(4

ProofiWeb is both a system for teaching logic and for using, proof assistants through the web.

Proofieb can be used in three ways. First, one can use the guest login, for which one does not even need to
register. Secondly. a user can be a student in a logic or proof assistants course. We are hosting courses free of
charge. If you are a teacher and would like to host your course on this server, send email to proofweb@cs.runl
Thirdly, if teachers do not want to trust us with their students' files, they can freely download the ProofWeb system
and run it on a server of their own

ProofWeb works well with many web browsers. but it does not work with all versions of Intemet Explorer
Proofileb was developed using the Firefox browser. which can be downloaded for free.
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Exemplos e Exercicios

ProofWeb 2(4

The Proofeb manual

The textbook by Huth and R

Course v
| Student login

Request a new ProofWeb course
Download and install your own ProofWeb server

Proofieb is a system for practising natural deduction on the computer. It is aimost, but not quite, entirely uniike
the Jape system. Proofieb is based on the Cog proof assistant and runs inside any modern web browser. To use
Proofieb one does not need to install software locally, not even a plugin: a web browser is all one needs. With
ProofVeb one runs logic exercises on a web server, just like gmail keeps all mail messages on its server. This
means that students will be able to access their exercises wherever they have a web browser, and that teachers
at any time can see the status of their students' work

Proofieb comes with a database of basic loaic exercises that are araded according to difficuity The ProofWeb
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Exemplos e Exercicios

ProofWeb 3(4

« Experiment with an empty buffer, select prover:

goq_
[ ACCESS THE I

« You are nof logged in as a registered user. Go back fo main page if guest access is not what you want
« Tasks
« Select a saved file to load:

00Mathias difficult
00Mathias eksempell
00Mathias ovelse2
00MathiasAssignment].1
0100011

1
1+1=trivial

1y

Lot

1314-bloeddrukmeter.v

0Ly
ElekirischeDeurbel v
bwsnlamp.v

IMathias ovelse
111
201503345j0aolucas.y
201508737 v

20150873 Tkeslleylima
201616140.v

25453

Provadores de Teoremas 27/11/20

/ 288



Exemplos e Exercicios

ProofWeb 4(4)

¥ {+ 80 @ F File Display Templates Backward Forward Query Debug Help Logout

| Welcome to Coq trunk (Nov. 2006
a

Marcus Ramos
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Exemplos e Exercicios

Referéncia

Os exemplos e exercicios que seguem sio do livro:
Logical Foundations, volume 1 da série Software Foundations
https://softwarefoundations.cis.upenn.edu/
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Exemplos e Exercicios

Observagdes ao utilizar o ProofWeb 1(2)

» Bullets -, +, * n3o s3o aceitos;

» O comando “Compute” deve ser substituido por “Eval red in” ou
“Eval vm_compute in™:

Compute (next_weekday friday).
Eval red in (next_weekday friday).
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Exemplos e Exercicios

Observagdes ao utilizar o ProofWeb 2(2)

» O argumento descrecente deve ser explicitado nas fun¢des recursivas
com mais de um argumento:

Fixpoint plus (n : nat) (m: nat) : nat :=

match n with

| 0=m

| Sn’” =S (plus n' m)

end.

Fixpoint plus (n : nat) (m: nat) {struct n}: nat :=
match n with

| 0=m

| Sn’” =S (plus n' m)

end.
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Exemplos e Exercicios

Exemplo 1

Dias da semana

Inductive day : Type :=
| monday : day

| tuesday : day

| wednesday : day

| thursday : day

|

|

|

friday : day
saturday : day
sunday : day.

Marcus Ramos (UNIVASF) Provadores de Teoremas 27/11/2018 130 / 288



Exemplos e Exercicios

Exemplo 1

Dias da semana

Definition next_weekday (d:day) : day :=
match d with
| monday = tuesday
| tuesday = wednesday
| wednesday = thursday
| thursday = friday
| friday = monday
| saturday = monday
| sunday = monday
end.
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Exemplos e Exercicios

Exemplo 1

Dias da semana

Compute (next_weekday friday).
Compute (next_weekday (next_weekday saturday)).

Lemma test_next_weekday:

(next_weekday (next_weekday saturday)) = tuesday.
Proof.

simpl.

reflexivity.

Qed.
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Exemplos e Exercicios

¥ {+ 80 § F File Display Templates Backward Forward Query Debug Help Logout
test_next_ueekday is defined

Inductive day : Type
| monday : day
| tuesday
| wednesday : day
| thursdey : day
| friday : day
| saturday : day
| sunday : day.

Definition next_weckday (d:day) : day :=
match d with
| monday => tuesday

| Friday => monday
| saturday => monday

| sunday => monday
end

Eval vn_compute in (next_ueekday friday).
Eval vn_compute in (next_ueekday (next_weekday saturday)).

Lemna test_next_weekday
(next_veekday (next_ueekday saturday)) = tuesday
oof .

sinpl
reflext
)
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Exemplos e Exercicios

Exemplo 2

Booleanos

Inductive bool : Type :=
| true: bool
| false : bool
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Exemplos e Exercicios

Exemplo 2

Booleanos

Definition negb (b:bool) : bool :=
match b with
| true = false
| false = true
end.
Definition andb (bl:bool) (b2:bool) : bool :=
match bl with
| true = b2
| false = false
end.
Definition orb (bl:bool) (b2:bool) : bool :=
match bl with
| true = true
| false = b2
end.
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Exemplos e Exercicios

Exemplo 2

Booleanos

Lemma test_orbl:

(orb true false) = true.
Proof.

simpl.

reflexivity.

Qed.

Lemma test_orb2:

(orb false false) = false.
Proof.

simpl.

reflexivity.

Qed.
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Exemplos e Exercicios

$ 1 50 @ F File Display Templates Backward Forward Query Debug Help Logout

Inductive bool : Type i= test_orbz is defined
true : bool

| false 5 bool.

Definition negb (bibool) 5 bool i=

match b uith

| true

| false => true

end

Definition andb (blibool) (b2:bool) : bool i=
th

match b1 ui
true => b2

| false => false

end

Definition arb (blibool) (b2:bool) ¢ bool =
th

match bl ui
| & true
| false => b2
end

Lemna test_orbl
(orb true False) = true.
Proof.

reflexivity.
Qed.

Lemna test_orb2
(orb false false) = false.
Proof

reflexivity.

Qed
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Exemplos e Exercicios

Exemplo 3

Naturais

Inductive nat : Type =
| 0: nat
| S: nat — nat.
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Exemplos e Exercicios

Exemplo 3

Naturais

Definition pred (n : nat) : nat :=
match n with

| 0=0

| Sn” =n’

end.

Check (S (S (S (S 0)))).

Definition minustwo (n : nat) : nat :=
match n with

| 0=0

| S0=0

| S(Sn') =n'

end.

Compute (minustwo 4).
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Exemplos e Exercicios

Exemplo 3

Naturais

Fixpoint plus (n : nat) (m: nat) : nat :=

match n with

| 0=m

| Sn" =S (plus n' m)
end.
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Exemplos e Exercicios

$ { 50 @ [ File Display Templates Backward Forward Query Debug Help Logout

= plus is recursively defined

Inductive nat : Type i=
I's & nat > nat.
Definition pred (n : nat) : nat i=
match n wi

jo=>0

[ sn =

Check (5 (5 (5 (S 0)))).

Definition minustuo (n ¢ nat) ¢ nat :=

match n witl
Jo=o0
|so=o0
[5(sn')=n
end.

Eval vm_compute in (minustuo (S (S (S (S 0)))).

Fixpoint plus (n : nat) (m ¢ nat) {struct n} : nat i=

match n with

Jo=m
[ Sn' =5 (plus o' m)

nd|
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Exemplos e Exercicios

Exemplo 4

Naturais e booleanos

Fixpoint evenb (n:nat) : bool :=
match n with

| 0= true

| S0 = false

| S(Sn’) = evenbn'

end.

Definition oddb (n:nat) : bool := negb (evenb n).

Lemma test_oddbl:
oddb 1 = true.
Proof.

simpl.
reflexivity.

Qed.
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Exemplos e Exercicios

$ { 50 @ T{ File Display Templates Backward Forward Query Debug Help Logout

test_oddbl is defined

Fixpoint evenb (ninat) : bool
ith

match n wit
| 0> true
so

| S (sn') = evenb o’
Definition negb (bibool) ¢ bool i=

| true = false
| false = true
end.

Definition oddb (ninat) : bool i= negb (evenb n)
Lemna test_oddbl

oddb 1 =

Proof.

reflexivity.
oed
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Exemplos e Exercicios

Exercicios

Definir as seguintes fungdes :

Definition nandb (bl:bool) (b2:bool) : bool
Fixpoint mult (n m: nat) : nat

Fixpoint factorial (n:nat) : nat
Definition blt_nat (nm: nat) : bool
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Exemplos e Exercicios

Solucdes

Definition nandb (bl:bool) (b2:bool) : bool:=
negb (andb bl b2).

Eval vm_compute in (nandb true true).
Eval vm_compute in (nandb false true).

Marcus Ramos (UNIVASF) Provadores de Teoremas 27/11/2018 145 / 288



Exemplos e Exercicios

Solucdes

Fixpoint mult (n m: nat) {struct n} : nat:=
match n with

| 0=0
| Sn’ = plus m (mult n' m)
end.

Eval vm_compute in (mult 2 3).
Eval vm_compute in (mult 6 4).
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Exemplos e Exercicios

Solucdes

Fixpoint factorial (n:nat) : nat:=
match n with

| 0=1
| Sn’ = n x (factorialn')
end.

Eval vm_compute in (factorial 4).
Eval vm_compute in (factorial 8).
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Exemplos e Exercicios

Solucdes

Fixpoint blt_nat (nm: nat) {struct n} : bool:=
match n, m with

| 0, 0= false

| 0, Sm’ = true

| Sn’, 0= false

| Sn’, Sm’ = blt_natn'm'

end.

Eval vm_compute in (blt_nat 2 2).

Eval vm_compute in (blt_nat 1 3).
Eval vm_compute in (blt_nat 3 0).
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Exemplos e Exercicios

Exercicios

Provar os seguintes lemas:

Lemma test_nandb3: (nandb false true) = true.
Lemma test_nandb4: (nandb true true) = false.
Lemma mult_0_1: V n: nat, 0 * n = 0.
Lemma test_factoriall: (factorial 3)
Lemma test_factorial2: (factorial 5) = (mult 10 12).
Lemma test_blt_natl: (blt_nat 2 2) = false.

Lemma test_blt_nat2: (blt_nat 2 4) = tr

Lemma test_blt_nat3: (blt_nat 4 2) = fa lse
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Exemplos e Exercicios

Solucdes

Lemma test_nandb3:

(nandb false true) = true.
Proof.

unfold nandb.

simpl.

reflexivity.

Qed.

Lemma test_nandb4:

(nandb true true) = false.
Proof.

unfold nandb.

simpl.

reflexivity.

Qed.
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Exemplos e Exercicios

Solucdes

Lemma mult_0O_1:

V n: nat, 0 * n = 0.
Proof.

intros n.

simpl.
reflexivity.

Qed.
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Exemplos e Exercicios

Solucdes

Lemma test_factoriall:
(factorial 3) = 6.
Proof.

simpl.

reflexivity.

Qed.

Lemma test_factorial2:
(factorial 5) = (mult 10 12).
Proof.

simpl.

reflexivity.

Qed.
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Exemplos e Exercicios

Solucdes

Lemma test_blt_natl: (blt_nat 2 2) = false.
Proof.

unfold blt_nat.

reflexivity.

Qed.

Lemma test_blt_nat2: (blt_nat 2 4) = true.
Proof.

unfold blt_nat.

reflexivity.

Qed.

Lemma test_blt_nat3: (blt_nat 4 2) = false.
Proof.

unfold blt_nat.

reflexivity.

Qed.
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Exemplos e Exercicios

Exercicios (avancados)

Provar a comutatividade da adic3o:

Theorem plus_comm:
V n m: nat,
n+m=m-+ n.

Provar a associatividade da adicdo:

Theorem plus_assoc:
YV x y z: nat,
x+(y+z)=(x+y)+z
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Exemplos e Exercicios

Comutatividade da adicdo

Require Import Arith.
Theorem plus_comm:
¥V n m: nat,
n+m=m-+ n.
Proof.
induction n.
— simpl.
intros m.
rewrite plus_O_r.
reflexivity.
— intros m.
simpl.
rewrite IHn.
rewrite plus_n_Sm.
reflexivity.
Qed.
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Exemplos e Exercicios

Associatividade da adicdo

Theorem plus_assoc:
YV x y z: nat,
x+(y+2)=(x+y) +z
Proof.
induction x.
— intros y z.
simpl.
reflexivity.
— intros y z.
rewrite plus_Sn_m.
rewrite IHx.
rewrite < plus_Sn_m.
rewrite < plus_Sn_m.
reflexivity.
Qed.
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Teoria Visdo Geral

Teoria:
Visio Geral
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Teoria Visdo Geral

Introduction

Formalizacdo Matematica

» Construcdo de provas assistida por maquina;
» Verificacdo mecanizada de provas;

» Velocidade, confiabilidade e reutilizac3o;

» Matematica e Ciéncia da Computacdo;

» Prova interativa de teoremas;

» Desenvolvimento certificado de hardware e software.
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Teoria Visdo Geral

Casos reais

Formalizacdo matematica é uma atividade madura:
» Usada ao longo dos anos;
» Diversidade de assistentes de provas e teorias subjacentes;
» Desenvolvimento da tecnologia dos assistentes de provas;
» Tamanho, complexidade e importancia de diferentes projetos;
» Orientacdo teérica e tecnoldgica;
» Indistria e academia;

» Uma tendéncia clara;

» Ponto sem volta.
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Teoria Visdo Geral

Quadro Geral

» Matematica “informal™:

» Diferentes niveis de abstracio podem esconder erros dificeis de serem
identificados;
» Notac3o ndo-uniforme também pode constituir um problema.

» Formalizacdo matematica (“matemdtica codificada no computador”) é
uma tendéncia clara na direcio do desenvolvimento teérico e da
representacdo da teoria;

» Raciocinio auxiliado por computador e o uso de assistentes interativos
de prova;

» Verificacdo mecanica de provas e programas, permitindo:

» Verificagdo de cada passo de inferéncia contra um conjunto de regras
de inferéncia da l6gica subjacente;
» Notacdo uniforme.
» Vantagens:
» Menos esforco e tempo;
» Maior confiabilidade.
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Teoria Visdo Geral

Requisitos

Requisitos tedricos para usar e entender o Coq:
> Logica;
» Deduc3o Natural,
» Calculo Lambda N3o-Tipado;
» Calculo Lambda Tipado;
» Correspondéncia de Curry-Howard;
» Teoria de Tipos;
» Construtivismo e BHK;
» Teoria de Tipos Intuicionistica de Martin Lof;

» Calculo de Construcdes com Definicdes Indutivas.

Marcus Ramos (UNIVASF) Provadores de Teoremas 27/11/2018 161 / 288



Natural
Deduction Yoot

E

Untyped Typed
Lambda Lambda
Calculus Calculus Interactive Theorem Proving

Type Calculus of and Program Development

Theory Constructions Cellg

oAt The Cakuus o inductiveConsructions

Marcus Ramos

NIVASF) Provadores de Teoremas




Teoria Visdo Geral

Observacdes

Nos préximos slides, faremos uma breve introducdo a cada um destes
assuntos.

> Eles sdo extensos e com alguma complexidade, por isso ndo podem ser
vistos com detalhes em pouco tempo;

» A intencdo é dar uma ideia do mesmo e apresentar alguns exemplos,
mostrando o papel que o mesmo tem no contexto mais geral;

» Nas referéncias podem ser encontrados livros, artigos e slides com
mais informacdes;

» No Grupo de Estudos discutimos em detalhes todos eles;

» S3o assuntos de compreensdo mandatéria para um perfeito
entendimento do Coq e dos principios da formalizacdo matematica e
do desenvolvimento de software certificado.
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Teoria Légica Proposicional

Teoria:
L6gica Proposicional
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Teoria Légica Proposicional

Gramatica

» Férmulas que usam varidveis Iégicas (ou proposicionais) e conectivos
(ou operadores) Iégicos.

formula ::= wariable

|
|
| (formula A formula)

| (formulaV formula)

| (formula = formula)
| (formula < formula)
| (=formula)

a

variable = a|blc]...
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Teoria Légica Proposicional

Conectivos Logicos

» A: Conjuncdo (“e");

» V: Disjun¢do (“ou”);

» = Implicagdo (“se-entdo”);
» < Bi-implicacdo ((a < b) = (a = b) A (b = a)) (“se-e-somente-se”);
» —: Negacdo (—a =a = 1) (“ndo");

» L: Falso;

» T: Verdadeiro (T = L = 1).
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Teoria Légica Proposicional

Precedéncias e Associatividades

Conectivo | Precedéncia | Associatividade
- 1 Direita
A 2 Indiferente
Vv 3 Indiferente
= 4 Direita
& 5 Direita
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Teoria Légica Proposicional

Exemplos
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Teoria Légica de Predicados

Teoria:
Légica de Predicados
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Teoria Légica de Predicados

Légica de Predicados

» Férmulas proposicionais com a adicdo de quantificadores e predicados.

formula ::= wvariable

1L

T

(formula A formula)
formula Vv formula)
formula = formula)
formula < formula)
—formula)

YV variable . formula)

A~ S N N/~

Fwariable . formula)

pred _name (arg_list)
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Teoria Légica de Predicados

Légica de Predicados

variable == al|b|c]|..
Py|P|Py|...

pred__name

arg_list == term|arg list, term
term == fun_mname (arg_list)|term_var|term_const
term_var = wvg|vi|va]...
term_const = colci|ca]...
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Teoria Légica de Predicados

Légica de Predicados

Quantificadores légicos:
» V: Quantificador universal (“para todo");

» 3: Quantificador existencial (“existe”).
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Teoria Légica de Predicados

Exemplos

Q Vz.R(z,x) = Vz.3y.R(z,y)
Q Jx.Vy.R(z,y) = Vy.Jz.R(x,y)
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Teoria Légica de Predicados

Proposicional x Predicados

» A Légica Proposicional compreende um subconjunto das férmulas da
Légica de Predicados;

» A Légica de Predicados é mais poderosa que a Légica Proposicional.
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Teoria Deducdo Natural

Teoria:
Deducdo Natural
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Teoria Deducdo Natural

Caracteristicas

» Calculo para a prova de teoremas;
» Faz parte da Teoria das Provas;

» Baseada em regras de inferéncia simples que lembram o pensamento
natural e procuram refletir o senso comum;

> Se aplica tanto a légica proposicional quando a légica de predicados;

» Produz provas mais compactas do que os Tablés Semanticos;

» Cada conectivo légico é associado a regras de introducdo e de
eliminacdo ;

» Esta forma de apresentacio das regras de inferéncia, no entanto, é
tipico da Teoria de Tipos e sera usada mais adianta. Inicialmente,

apresentaremos um conjunto basico de regras de inferéncia sem esta
preocupacao.
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Teoria Deducdo Natural

Caracteristicas

» A prova de um teorema (proposicdo) é uma seqiiéncia estruturada de
regras de inferéncia que validam a conclusdo, usualmente sem
depender de nenhuma hpétese;

» A prova pode ser representada na forma de uma lista ou uma arvore;

> As representacdes mais utilizadas sdo os Diagramas de Fitch, as
Provas Anotadas de Suppes e as arvores de Gentzen;

» Gentzen (1935) e Prawitz (1965);

» Originalmente desenvolvida para a légica proposicional, for
posteriormente extendida para a l6gica de predicados.
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Teoria Deducdo Natural

Regras de Inferéncia Diretas (ou Primitivas)

» A seguir sdo apresentadas algumas regras de inferéncia diretas para
um conjunto restrito de conectivos l6gicos: conjungdo (A), disjuncdo
(V), implicagdo (=) e bi-implicacdo (<);

» Cada regra tem uma linha horizontal que separa as premissas (em
cima) da conclusdo (embaixo);

» O conjunto exato de regras de inferéncia e os nomes que sdo dados as
mesmas varia conforme o autor ou a referéncia;

» Este assunto sera revisto e expandido depois do exemplo.
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Teoria Deducdo Natural

Sistematizando o Conjunto de Regras de Inferéncia

Normalmente considera-se razoavel supor que todo e qualquer conectivo
I6gico possua pelo menos duas regras de inferéncia: uma para introducéo
do mesmo na conclus3o e outra para eliminacdo do mesmo da premissa.

» Implicacdo: introducdo e eliminac3o;

» Conjuncdo: introducio e eliminagdo;

» Disjuncdo: introducdo e eliminacio;

» Falso: eliminacdo apenas (ndo se prova o Falso);
» Negacdo: introducdo e eliminac3o.

Adicionalmente, precisamos de regras de introducdo e eliminac3o para os
quantificadores:

» Universal: introducdo e eliminac3o;

» Existencial: introducdo e eliminacio;
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Teoria Deducdo Natural

Arvores de prova

Nos exemplos que seguem, as provas da deducacdo natural sdo
apresentadas na forma de arvores.

» S3o representacBes grafica intuitivas;
» Refletem o uso combinado das regras de inferéncia;
» Facilitam o entendimento da estrutura da prova;

» Podem ser facilmente manipuladas através de aplicativos adequados
(por exemplo, Panda).
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Teoria Deducdo Natural

Regras de Inferéncia para a Implicacdo (=)

Introducdo / Regra da Prova Condicional (RPC):

[a]

(=1
a=b
Elimina¢do / Modus Ponens (MP):
a=>b @ (5 g
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Teoria Deducdo Natural

Exemplo

Teorema:
(a=(b=2¢)= (b= (a=0)

Prova:

[a = (b= c)] [a]
b= c =5

= =D
b= (a=c) :
(a=(b=1¢)= (b= (a=0)
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Teoria Deducdo Natural

Regras de Inferéncia para a Conjunc¢do (A)

Introdu¢do / Conjuncéo (C):

a b

alb (")

Eliminagcdo 1 / Separacdo (S51):

a é\ b (AEq)

Eliminagdo 2 / Separacdo (52).

a 2 b (NE2)

Marcus Ramos (UNIVASF) Provadores de Teoremas 27/11/2018 183 / 288



Teoria Deducdo Natural

Exemplo

Teorema:

Prova:

(AE2) (AE1)
(AI)
bAa (= 1)
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Teoria Deducdo Natural

Regras de Inferéncia para a Disjuncdo (V)

Introducdo 1 / Expanséo I

PRVE (V)

Introdugdo 2 / Expansio 2:

aVb (vV2)

Eliminagcdo / Silogismo Disjuntivo 1 e 2:
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Exemplo

Teorema:

Prova:

Teoria Deducdo Natural
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Teoria Deducdo Natural

Regras de Inferéncia para o Falso (L)

Introducio:
Nao ha.
Eliminacdo (ex falso quodlibet):
1
— (LE)
a
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Teoria Deducdo Natural

Regras de Inferéncia para a Negacdo ()

Introducdo (a mesma usada na Introducdo da Implicacdo):

[a]

(=1, a mesma de = 1)
-a

Eliminacdo (a mesma usada na Elimina¢do da Implicacdo):

a —a

L

(—=E, a mesma de = FE)
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Teoria Deducdo Natural

Regra de Inferéncia Adicional para a Negagdo (—)

“Eliminacdo” (reduction ad absurdum):

[-al

1
—— (RAA)
a

Usada como axioma na Légica Classica apenas.
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Teoria Deducdo Natural

Exemplo

Teorema:
(a = b) = (=b= —a)
Prova:
[a = 0] [a]
A (= E) [—|b]
T (=E)
~a =1
(=1
-b = —a (= 1)
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Teoria Deducdo Natural

Abreviacdes

Note que os conectivos negacdo (—) e bi-implica¢do (&) sdo meras
abreviacdes e podem ser representados por meio de férmulas que
empregam outros conectivos |6gicos:

» a=a= 1

»rasf=(a=0)N (L=
Desta forma, ndo ha/haveria necessidade de definir regras de inferéncias

especificas para eles.
Vale a pena ainda observar que mesmo a implicagdo (=-) também pode ser
expressa em funcdo de outros conectivos |6gicos:

» a= = (-aVp)
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Teoria Deducdo Natural

Regras de Inferéncia para o Quantificador Universal (V)

Introducdo
A(x) oD
V. A(z)
Eliminac3o
Va. A(z)
(VE)
Alt/x]
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Teoria Deducdo Natural

Regras de Inferéncia para o Quantificador Existencial (3)

Introducdo

Al
Jz.A(x)

Eliminacio
[Alt/x]]

Jz.A(x) B
B

(3E)

(B nado pode possuir variaveis livres introduzidas por A)
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Teoria Deducdo Natural

Exemplo

Teorema:
Va.R(z,z) = Vo.3y.R(z,y)

Prova:

VE
R(z,z) (V)
Sy R(zy)
y-Rx.y)

Va.3y.R(x,y)
(Vax.R(z,x) = (Vz.3y.R(z,y))

(=1
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Teoria Calculo Lambda N&o-Tipado

Teoria:

Célculo Lambda N&o-Tipado
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Teoria Calculo Lambda N&o-Tipado

Caracteristicas

Sistema formal para representacdo de computacdes.
» Baseado na definicdo e aplicacdo de funcdes;
» Funcdes sdo andnimas (ndo estdo associadas a identificadores);

» Funcdes sio tratadas como objetos de ordem mais elevada, podendo
ser passados como argumentos e retornados de outras funcdes;

» Simplicidade: possui apenas dois “comandos”;

» Permite a combinacdo de operadores e funcdes basicas na geracdo de
operadores mais complexos;
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Teoria Calculo Lambda N&o-Tipado

Caracteristicas

» Modelo alternativo para a representacdo de computagdes (usando
fun¢des no lugar de maquinas);

» Equivalente 8 Maquina de Turing;

» Mesmo na versdo pura (sem constantes), permite a representacdo de
uma ampla gama de operacdes e tipos de dados, entre nimeros
inteiros e variaveis légicas;

» Versdes n3o-tipada e tipada.
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Teoria Calculo Lambda N&o-Tipado

Histéria

» Alonzo Church, 1903-1995, Estados Unidos;
» Inventou o Célculo Lambda na década de 1930;

» Resultado das suas investigacBes acerca dos fundamentos da
matematica;

» Pretendia formalizar a matematica através da nocdo de funcdes ao
invés da teoria de conjuntos;

> Apesar de ndo conseguir sucesso, seu trabalho teve grande impacto
em outras areas, especialmente na computacdo.
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Teoria Calculo Lambda N&o-Tipado

Aplicacdes

Modelo matematico para:

» Teoria, especificacdo e implementacio de linguagens de programacio
baseadas em funcdes, especialmente as linguagens funcionais;

v

Verificacdo de programas;

v

Representacdo de funcdes computaveis;

v

Teoria da Computabilidade;

v

Teoria de Tipos;

v

Teoria das Provas;
» Assistentes interativos de provas (ex: Coq).

Foi usado na demonstracdo da indecidibilidade de diversos problemas da
matematica, antes mesmo dos formalismos baseados em maquinas.
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Teoria Calculo Lambda N&o-Tipado

Linguagem Lambda

Um A-termo (também chamado de expressdo lambda) é definido de forma
indutiva sobre um conjunto de identificadores {z,y, z,u, v...} que
representam variaveis:
» Uma variavel (também chamada “atomo”) é um A-termo;
» Aplicacdo: se M e N sdo \-termos, entdo (M N) é um \-termo;
representa a aplicacdo de M a N;
» Abstracdo: se M é um A-termo e x é uma variavel, entdo (A\x.M) é
um A-termo; representa a funcdo que retorna M com o pardmetro z;
A linguagem lambda é composta por todos os A-termos que podem ser
construidos sobre um certo conjunto de identificadores; trata-se de uma
linguagem com apenas dois operadores ou “comandos”: aplicacdo de funcdo
a argumentos (chamada de fungdo) e abstracdo (definicdo de fungdo).
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Teoria Calculo Lambda N&o-Tipado

Gramatica

|4
(T
(AV.T)

N8N
L4 1
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Teoria Calculo Lambda N&o-Tipado

Exemplos

S3o0 exemplos de A-termos:
> (zy)
> (Az.(zy))
(Ay-y)(Az.(zy)))
(z(Az.(Az.2)))
> (Az.(y2))

>

>
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Teoria Calculo Lambda N&o-Tipado

Associatividade e precedéncia

Para reduzir a quantidade de parénteses, sdo usadas as seguintes
convencgoes:

» Aplicacdes tem prioridade sobre abstracées;
» Aplicacdes sdo associativas a esquerda;
» Abstracdes sdo associativas a direita.
Por exemplo:
» \z.PQ denota (Ax.(PQ)) — e ndo ((A\z.P)Q);
» M N PQ denota ((MN)P)Q) — e ndo (M(N(PQ)));
» Azyz.M denota (Az.(A\y.(Az.M)))

O simbolo = é usado para denotar a equivaléncia sintatica de A-termos.
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Teoria Calculo Lambda N&o-Tipado

Exemplos
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Teoria Calculo Lambda N&o-Tipado

Reducdo-£

Um termo da forma:
(Ax.M)N

é chamado [3-redex, e o termo correspondente:
[N/x]M

é chamado o seu contractum. Se um termo P contém uma ocorréncia de
(Ax.M)N e a mesma é substituida por [N/z]M, gerando P’, diz-se que
que ocorréncia redex em P foi contraida e que P [3-contrai para P/,
denotado:

P >18 P.

Marcus Ramos (UNIVASF) Provadores de Teoremas 27/11/2018 205 / 288



Teoria Calculo Lambda N&o-Tipado

Reducdo-£

Se um termo P pode ser convertido em um termo () através de um

namero finito de reducdes-/3 e conversdes-«, diz-se que P [-reduz para Q,
denotado:

PI>5Q.
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Teoria Calculo Lambda N&o-Tipado

Forma normal

» Um termo (Q que ndo possui nenhuma reducio-3 é chamado de forma
normal-f3;

» Se um termo P reduz-/3 para um termo () na forma normal-3, entdo
diz-se que @ & uma formal normal-3 de P.
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Teoria Calculo Lambda N&o-Tipado

Interpretacao

Expressdo lambda:

» Representa um programa, um algoritmo, um procedimento para
produzir um resultado;

Reducio-£:

» Representa uma computacdo, a passagem de um estado de um

programa para o estado seguinte, dentro do processo de geracdo de
um resultado.

Forma normal:

» Representa um resultado de uma computacdo, um valor que ndo é
passivel de novas simplificacdes ou elaboracdes.
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Teoria Calculo Lambda N&o-Tipado

Teorema de Church-Rosser para >z

Se Prg M e P> N, entdo existe um termo T tal que:

MI>/3T e NDgT.
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Teoria Calculo Lambda N&o-Tipado

Teorema de Church-Rosser para >z

A reducdo-f3 é confluente.
Conseqiiéncias:

» Uma computacdo no Célculo Lambda ndo pode produzir dois ou mais
resultados diferentes;

» Duas ou mais reducdes de um mesmo termo produzem a mesma forma
normal (o resultado da computa¢do independe do caminho escolhido).

» Exemplo:
P = (A\u.v)L reduz para M = v e também para N = (Au.v)(Lyy).
No entanto, tanto M quanto N reduzem para T = v.
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Teoria Calculo Lambda N&o-Tipado

Definicdo

Um termo P é dito “S-igual” ou “B-conversivel” a um termo @), denotado
P =3 @ se e somente se () puder ser obtido a partir de P por uma
seqiiéncia finita (eventualmente vazia) de contracdes-/3, contragdes-3
reversas € mudancas de variaveis ligadas.

Ou seja, P =3 (Q se e somente se existir [, ..., P,(n > 0) tal que:

(Vi <n—1),(P; >1g Pit1) ou (Piy1 >1g Py) ou (P =4 Pita),
P() = P,
P,=Q.
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Teoria Calculo Lambda N&o-Tipado

Lema: P =g Q.P=.P,Q=,Q =P =B Q'

Lema: M =3 M',N =g N' = [N/z]M =g [N'/z] M.
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Teoria Calculo Lambda N&o-Tipado

Teorema de Church-Rosser para =3

Se P =3 (), entdo existe um termo T tal que:
PrgT e QppgT.

Dois termos (3-conversiveis representam a mesma operac3do, uma vez que
ambos podem ser reduzidos para 0 mesmo termo.
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Teoria Calculo Lambda N&o-Tipado

Corolarios

Corolério: Se P =3 Q e @ é uma forma normal-3, entdo P >3 @

Corolario: Se P =g (), entdo ambos P e () possuem a mesma forma
normal-3 ou entdo nenhum dos dois possui nenhuma forma normal-/.

Corolario: Se P e ) sdo formas normais-3 e P =3 (), entdo P =, Q.

Corolério (unicidade da forma normal): Um termo é [3-igual a no maximo
uma forma normal-3, a menos de mudancas de variaveis ligadas.
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Teoria Calculo Lambda N&o-Tipado

Aplicacdes

S3o inlimeras as aplicacdes do Célculo Lambda:

» Representacdo de tipos numéricos (por exemplo nimeros naturais) e
suas operacoes;

» Representacdo do tipo booleano e suas operacdes;
> Representacdo de tipos agregados;

» Representacdo de computacdo de uma forma geral;
» Modelagem de linguagens funcionais;

> etc.
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Teoria Calculo Lambda Tipado

Teoria:

Célculo Lambda Tipado
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Teoria Calculo Lambda Tipado

Characteristics

» Created by Church to avoid the inconsistencies of the untyped version;
» Type tags are associated to lambda terms;

» Variables have base types (z : 0);

» Abstractions and applications create new types accordingly;

» Types must match;

» Less powerful model of computation;

» Type systems for programming languages;

» Equality of terms is decidable;

» Strongly normalizing (all computations terminate);

» (Az.zx)(Ax.zz) and (Az.zzy)(Az.zzy) are not terms of the typed
lambda calculus.
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Teoria Calculo Lambda Tipado

Problems

Some computations may not terminate:

(Az.zz)Ar.ox) g [(Azazx)/z](zr) = (Av.az)(Ar.ox)
> [(Az.xzx)/z](zr) = (Av.ax)(A\r.ox)
> [(Az.xz)/z](zr) = (Av.ax)(Ar.ox)

(Az.zzy)(Ar.zzy) g (Az.azy)(Az.oczy)y
(Az.zzy)(Ar.zzy) g (Az.zzy)(Azr.oczy)yy
(Az.zzy) Ar.zzy) g (Az.zzy)(Ar.czy)yyy

ete.
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Teoria Calculo Lambda Tipado

Inference rules for implication (=)

Introduction:

[ : a]
y:b
(=1)
Azty:a=b
Elimination:
Ax®yia=0b zZ:a = B)
[z/x](Ax®.y) : b

Marcus Ramos (UNIVASF) Provadores de Teoremas 27/11/2018 219 / 288



Teoria Calculo Lambda Tipado

Example 1

z:a= (b=c) z:a

(= E)
xz:b=c y:b
(= E)
xZY:C
(=0
Az%xzy : (a = c)
(=0

Ml Az%2zy (b= (a = c))

(=1
M@= (0=0) NP N2t 22y (a= (b= ¢)) = (b= (a = ¢))
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Teoria Calculo Lambda Tipado

Inference rules for conjunction (A)

Introduction:

T:a y:b
— (AD)
conjxry:aNbd
Elimination 1:
z. a b (AE1)
firstz :a
Elimination 2:
z:aAb (AEs)

second z 1 b
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Teoria Calculo Lambda Tipado

Example 2

T:aANb T:aAb
— (AE2) —— (AEw)

secondx : b firstx :a

(AD)

conj(secondx)(firstz):bAa

(=1

Az conj(second ) (firstz) : (a Ab) = (bAa)
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Teoria Calculo Lambda Tipado

Inference rules for disjunction (V)

Introduction 1:
._:1: Ta )
inlz:aVb
Introduction 2;
y:b

— ——— (VI2)
inry:aVb
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Teoria Calculo Lambda Tipado

Inference rules for disjunction (V)

Elimination:

[y:a]  [2:0]

z:aVb p:c q:c

(VE)
case r(A\y.p)(Az.q) : ¢
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Teoria Calculo Lambda Tipado

Example 3

. aNbd
[ : a] [y:anb] (ABR)

p:aV(aAb) T:a firsty :a

(VE)
casep (A\z.x)(Ay. firsty) : a

(=1
Ap?V(@) (zase p (Az.z)(Ay. firsty)) : (aV (a A b)) = a
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Teoria Calculo Lambda Tipado

Inference rules for false (L)

Introduction:

No rule.
Elimination (ex falso quodlibet):
x: L
— (1B
ALgt:P
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Teoria Calculo Lambda Tipado

Inference rules for negation ()

Introduction (same as implication introduction):

x: A
f:L
— (~I,sameas =)

Azd f A
Elimination (same as implication elimination):

x: A y: A

(—E, same as = F)
yr: L
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Teoria Calculo Lambda Tipado

Example 4

x:a=b y:a

(= E)
xy:b z:-b
(= E)
z(zy) L
(=1
Ayt.z(zy) - —a
(=1

Azl Ay z(zy) : —b = —a

(=1
Azl N2 Ay z(zy) : (a = b) = (—b = —a)
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Teoria Calculo Lambda Tipado

Inference rules for universal quantifier (V)

Introduction:

Elimination:
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Teoria Calculo Lambda Tipado

Inference rules for existential quantifier (3)

Introduction:

Elimination:

[t:D,g(t): P(t)]

r:Jdz.P(x) h(t,g): C
E(r,Ag.Mt.h(t,g)) : C

(3E)
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Teoria Calculo Lambda Tipado

Example 5

t:D r:Ve.R(x,x)

(VE)
rt: R(t,t) t:D

ey.(ry,t) : Jy.R(t,y)
At.ey.(ry,t) : VE.3y.R(t,y)

(30

(vI)

(=1
ArAt.ey.(ry,t) - Ve.R(z,z) = Vt.3y.R(t,y)
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Teoria:
Correspondéncia de Curry-Howard
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Correspondéncia de Curry-Howard

Reasoning x Computing

Mathematics is all about:
> Reasoning;
» Computing.

For long time considered as separate areas; even today, ignored by many.
Any relation there?
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Teoria Correspondéncia de Curry-Howard

Reasoning x Computing

YES, according to the Curry-Howard Isomorphism.

» There is a direct relationship between reasoning (as expressed by
first-order logic and natural deduction) and computing (as expressed
by the typed lambda calculus);

» Proofs-as-programs or Propositions-as-types notions;

» First observed by (Haskell) Curry in 1934, later developed and
extended by Curry in 1958 and William Howard in 1969;
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Teoria Correspondéncia de Curry-Howard

Reasoning x Computing

» This has many important consequences as is the basis of modern
software development and computer assisted theorem proofing:

» Reasoning principles and techniques can be brought into software
development;
» Computing (idem) can be used in theorem proving.
» In the simply typed lambda calculus, the function operator (—)
corresponds to the implication connective (=); correspondences also
exist for other operators.
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Correspondéncia de Curry-Howard

The Isomorphism

General picture:

Proofs Theorems

Programs Types
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Teoria Correspondéncia de Curry-Howard

Proofs & Theorems

First of all:

Proofs « Theorems

Programs Types
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Teoria Correspondéncia de Curry-Howard

Proofs & Theorems

Example 1

Proof:
a= (b= c) a
= =8y
c oD (= E)
—— (=
__a=c " (=1
b= (a=c) -
(a=(b=2¢)= (b= (a=0)

Theorem:

(a=(b=1¢)= (b= (a=0c)
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Correspondéncia de Curry-Howard

Proofs & Theorems

Example 2

Proof:
GTM(m aé\b (AE)
(AD)
bAa (= 1)
(anb)= (bAa)
Theorem:

(aANb)= (bAa)
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Teoria Correspondéncia de Curry-Howard

Proofs & Theorems

Example 3

Proof:
[a]  [an?]
aV(aAb) a a P
a (VE)
(=1
(aV(aNb))=a
Theorem:
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Teoria Correspondéncia de Curry-Howard

Proofs & Theorems

Example 4

Proof:

Theorem:

Marcus Ramos (UNIVASF)

aébb a . p ,
— (-B)
=7
_ma = ():>1)
-b= —a (= 1)

(a=0b) = (=b= —a)

(a = b) = (=b= —a)
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Teoria Correspondéncia de Curry-Howard

Proofs & Theorems

Example 5

Proof:

t:D r:Ve.R(x, )

(VE)
rt: R(t,t) t:D
(31
ey.(ry,t) : Iy.R(t, y)
(V1)
M.ey.(ry,t) : Vt.3y.R(t,y)
(=1

ArAt.ey.(ry,t) : Ve.R(x, ) = Vt.3y.R(t,y)

Theorem:

Va.R(z,z) = Ya.Jy.R(z,y)
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Teoria Correspondéncia de Curry-Howard

Programs & Types

Also:

Proofs Theorems

Programs ., Types
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Teoria Correspondéncia de Curry-Howard

Programs & Types

Example 1

Program:
x:a— (b—c) z:a
(= E)
rz:b—c y:b
TZY : C (= B)
Az%zzy : (a — ¢) =D
22y - — 1)

M Az zzy : (b— (a— c))
Az@ =) NP A28 z2y : (a — (b— ¢) = (b— (a = ¢))

(=1

Type:
(a—=(b—¢)— (b—(a—c)
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Teoria Correspondéncia de Curry-Howard

Programs & Types

Example 2

Program:

r:aXxXb (xE) r:aXxXb (xE)

secondx : b firstx :a

x1)

conj(secondx)(firstz) : b x a

(=1

Az@*b conj(second x)(firstz) : (a x b) — (b x a)

Type:
(a xb)— (bxa)
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Correspondéncia de Curry-Howard

Programs & Types

Example 3

Program:

[.’EZ(I] [y:axb] (xE

)
p:a+(axb) T:a firsty :a

(+E)

casep (\x.x)(\y.firsty) : a
A\pet(ex0) (Gasep (Az.x)(Ny. firsty)) : (a + (a x b)) = a

(=1

Type:
(a+(axb) —a
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Teoria Correspondéncia de Curry-Howard

Programs & Types

Example 4

Program:
r:a—b y:a
(— E)
zy: b z: b -5)
z(xy) : L
Ay®.z(zy) 1 —a =D
Yy .z22y) - (> 1)
A2 My z(zy) : —b — —a (> 1)
5
Az A2 Ay z(zy) - (@ — b) — (=b — —a)
Type:

(a —b) = (=b — —a)
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Teoria Correspondéncia de Curry-Howard

Programs & Types

Example 5

Program:

t:D r:Ve.R(x,x)

(VE)
rt: R(t,t) t:D
@En
ey-(ry,t) : Jy-R(t,y)
(V1)
M.ey.(ry,t) : Vt.3y.R(t,y)
(=1

ArAt.ey.(ry,t) : Ve.R(z,z) = Vi.3y.R(t,y)

Type:

Va.R(z,z) — Ya.Jy.R(z,y)
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Correspondéncia de Curry-Howard

Theorems & Types

Next, it is easy to observe that:

Proofs Theorems
(3
Programs Types

Types (specifications) and Theorems (propositions) share the same
syntactic structure.

Marcus Ramos (UNIVASF) Provadores de Teoremas 27/11/2018 249 / 288



Teoria Correspondéncia de Curry-Howard

Theorems & Types

Example 1

Type or theorem?

Type:
(a—=b—=¢c)—=(b—=(a—0)
Theorem:
(a=b=c)=(0b=(a=c)
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Teoria Correspondéncia de Curry-Howard

Theorems & Types

Example 2

Type or theorem?

Type:
(a xb)— (bxa)
Theorem:
(anb)= (bAa)
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Teoria Correspondéncia de Curry-Howard

Theorems & Types

Example 3

Type or theorem?

Type:
(a+(axb) —a
Theorem:
(aV(and)=a
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Teoria Correspondéncia de Curry-Howard

Theorems & Types

Example 4

Type or theorem?

Type:
(@ = b) = (-b— —a)
Theorem:
(a=10b) = (-b= —a)
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Teoria Correspondéncia de Curry-Howard

Theorems & Types

Example 5

Type or theorem?

Type:
Va.R(z,z) — Ya.Jy.R(z,y)
Theorem:
Va.R(z,z) = Ya.Jy.R(z,y)
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Teoria Correspondéncia de Curry-Howard

The Isomorphism

‘ Logic ‘ Typed lambda calculus ‘
= (implication) — (function type)
A (and) x (product type)
Vv (or) + (sum type)
Vv (forall) IT (pi type)
3 (exists) Y (sigma type)
T unit type
il bottom type
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Teoria Correspondéncia de Curry-Howard

Proofs & Programs

Finally, the isomorphism extends to:

Proofs Theorems
(3
Programs Types

One can be obtained directly from the other:

» From Program to Proof: by eliminating the terms and keeping only
the types;

» From Proof to Program: by adding the terms with the corresponding
types.
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Correspondéncia de Curry-Howard

Proofs & Programs

Example 1
Proof:
a=(b=c¢) a
b= c C(:E) b g
a=o = 1)
b= (a=c) ( (= D)
(a=0b=¢c)=0b=(a=70)
Program:
a::a—>ibz.—>bcic z:a (= B) -
. a:zy.:c (_) I) (_> E)
Az%.zzy: (@ — ) (> D)

M Az%zzy : (b— (a = ¢))

(= 1)
Azt (0= Ayb Az% g2y : (a — (b— ¢)) = (b— (a — ¢))
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Correspondéncia de Curry-Howard

Proofs & Programs

Example 2

Proof:
aAb
L82 (AE)  _ahb g
’ bAa . (/\(I) )
@i s re D
Program:
z:axXb (xE) rz:axXb (xE)
secondx : b firstx :a

(xI)

conj(second x)(firstz) :b X a

___congeeconc ) /- (= 1)
Az@*? . conj(second z)(firstz) : (a x b) — (b X a)
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Teoria Correspondéncia de Curry-Howard

Proofs & Programs

Example 3

Proof:
[a] [an®]
aV (a Ab) a a (NE)
. (V)
av@nrt)sae

Program:

[z :a] [y‘:a><b] (xE)

p:a+ (axb) T:a firsty :a (+E)

casep (Az.x)(Ay.firsty) : a
Apet(@xd) (casep (Az.z)(Ny.firsty)) : (a + (a x b)) = a

(=1
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Teoria Correspondéncia de Curry-Howard

Proofs & Programs

Example 4
Proof:
a=b a
(= E)
. —— (-B)
(=1)
___~a - (=1
—b = —a I
(a=0b) = (=b= —a)
Program:
z:a—b Yy:a
E
zy:b (_i l) z:=b (-E)
. j(wy) & (> 1)
— )\ya-Z(évy) : ﬁ: (= 1)
27 Ay®.z(zy) 1 —b — —a (> D)

Az® 7P Az7b Aye 2(2y) : (@ — b) = (-b — —a)
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Teoria Correspondéncia de Curry-Howard

Proofs & Programs

Example 5
Proof:

Vz.R(z,x)
R(z,x)
Jy.R(z,y) (1)
Ve.Jy.R(z,y)
(Vz.R(z,z) = (Vz.3y.R(z,y))

(=1

Program:

t:D r:Vr.R(z, )

(VE)
rt : R(t,t) t:D

(31)
ey.(ry,t) : Iy.R(t,y)

(V1)
At.ey.(ry, t) : V&.3y.R(t, y)

(= 1)
Ar.At.ey.(ry,t) : Ve.R(z,x) — Vt.3y.R(t, y)
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Teoria Correspondéncia de Curry-Howard

Consequences

» To build a program that satisfies a specification (type):
> Interpret the specification as a theorem (proposition);
» Build a proof tree for this theorem;
» Add terms with the corresponding types.

» To build a proof of a theorem:
> Interpret the theorem as a specification;
» Build a program that meets the specification;
» Remove the terms from the derivation tree.
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Teoria Correspondéncia de Curry-Howard

Consequences

Summary:
» To build a program is the same as to build a proof;
» To build a proof is the same as to build a program;
» To verify a program is the same as to verify a proof;

» Both verifications can be done via simple and efficient type checking
algorithms.
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Teoria Teoria de Tipos

Teoria:
Teoria de Tipos
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Teoria Teoria de Tipos

Definition

A Type Theory is a theory that allows one to assign types to variables and
construct complex type expressions. Then, lambda expressions can be
derived to meet a certain type, or the type of an existing expression can be
obained by following the theory's inference rules.

» Originally developed by Bertrand Russell in the 1910s as a tentative of
fixing the paradoxes of set theory (“is the set composed of all sets that
are not members of themselves a member of itself?");

» The Simply Typed Lambda Calculus is a type theory with a single
operator (—) and was developed by Church in the 1940s as a
tentative of fixing the inconsistencies of the untyped lambda calculus;

» Since then it has been extended with many new operators;
» Various different type theories exist nowadays;

» Martin L6f's Intuitionistic Type Theory is one of the most important.
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Teoria Construtivismo e BHK

Teoria:
Construtivismo e BHK
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Teoria Construtivismo e BHK

Constructivism and BHK

» Every true proposition must be accompanied by a proof of the validity
of the statement; the proof must explain how to build the object that
validates the argument (proposition);

» Proposed by Brouwer, Heyting and Kolgomorov, the BHK
interpretation leaves behind the idea of the truth values of Tarski;

» x: 0 is interpreted as x is a proof of o;
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Teoria Construtivismo e BHK

Constructivism and BHK

A proof of...

» a = b is a mapping that creates a proof of b from a proof of a
(function);

» aAbis a proof of a together with a proof of b (pair);

» aV b is a proof of a or a proof of b together with an indication of the
source (pair);

» Vz: A.P(z) is a mapping that creates a proof of P(t) for every ¢t in A
(function);

» dz: A.P(x) is an object ¢ in A together with a proof of P(t) (pair).
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Teoria Construtivismo e BHK

Constructivism and BHK

» Constructivism does not use the Law of the Excluded Middle (p vV —p)
or any of its equivalents, that belong to classic logic only:

» Double negation —(—p) = p;
» Proof by contradiction (—a = b) A (ma = —b) = a;
> Peirce’s Law ((p = q) = p) = p.
» A constructive proof is said to have computational content, as it is
possible to “construct” the object that validates the proposition (the
proof is a recipe for building this object);

» A constructive proof enables (computer) code extraction from proofs,
thus the interest for it in computer science.
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Teoria Construtivismo e BHK

Constructivism

According to Troelstra:

“... the insistence that mathematical objects are to be constructed
(mental constructions) or computed; thus theorems asserting the
existence of certain objects should by their proofs give us the

means of constructing objects whose existence is being asserted.”
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Teoria:
Teoria de Tipos Intuicionistica

de Martin Lof
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Teoria Teoria de Tipos Intuicionistica de Martin Lof

Martin Lof's Intuitionistic Type Theory

A constructive type teory based on:

© First-order logic to represent types and propositions;

© Typed lambda calculus to represent programs and theorems.
and structured around the Curry-Howard Isomorphism.

» It is a powerful theory for sotware development and interactive
theorem proving;

» Also used as a theory for the foundations of mathematics.
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Teoria:
Célculo de Construcdes
com Definicdes Indutivas
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Teoria Calculo de Construcdes com Definicdes Indutivas

General

A richly typed lambda calculus extended with inductive definitions.

Calculus of Constructions developed by Thierry Coquand;

v

v

Constructive type theory;

Later extended with inductive definitions;

v

Used as the mathematical language of the Coq proof assistant

v
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Teoria Calculo de Construcdes com Definicdes Indutivas

Calculus of Constructions

» All logical operators (—, A, V,— and 3) are defined in terms of the
universal quantifier (V), using “dependent types”;

» Types and programs (terms) have the same syntactical structure;
» Types have a type themselves (called “Sort”);

» Base sorts are “Prop” (the type of propositions) and “Set” (the type
of small sets);

» Prop: Type(1l), Set : Type(1), Type(i) : Type(i +1),i > 1;
» S = {Prop,Set,Type(i) | i > 1} is the set of sorts;
» Various datatypes can be defined (naturals, booleans etc);

» Set of typing and conversion rules.

Marcus Ramos (UNIVASF) Provadores de Teoremas 27/11/2018 275 / 288



Teoria Calculo de Construcdes com Definicdes Indutivas

Inductive Definitions

Finite definition of infinite sets.
» “Constructors” define the elements of a set;
» Constructors can be base elements of the set;

» Constructors can be a functions that takes set elements and return
new set elements.

» Manipulation is done via “pattern matching” over the inductive
definitions.
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Teoria Calculo de Construcdes com Definicdes Indutivas

Inductive Definitions

Booleans

{false,true}
Inductive boolean:
| false: boolean

| true: boolean.

Variable x: boolean.
Definition f: boolean:= false.
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Teoria Calculo de Construcdes com Definicdes Indutivas

Inductive Definitions
Pattern matching

Booleans:

Definition negb (x: bool): bool:=
match x with

| false => true

| true => false

end.
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Teoria Calculo de Construcdes com Definicdes Indutivas

Inductive Definitions

Naturals

{0,1,2,3, ...} ={0,80,s (0, SGE0), ...}

Inductive nat:=
| 0: nat
| S: nat->nat.

Variable y: nat.
Definition zero: nat:= 0.
Definition one: nat:= S 0.
Definition two: nat:

S one.
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Teoria Calculo de Construcdes com Definicdes Indutivas

Inductive Definitions
Pattern matching

Naturals:

Definition sub (n: nat): nat :=
match n with

| 0=>0

| Sm=>m
end.

Fixpoint nat_equal (nl n2: nat): bool :=
match nl, n2 with

| 0, 0 => true

| Sm, Sn =>nat_equal m n

| 0, S n => false

| S m, 0 => false
end.
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Conclusoes
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Conclusées

Provadores de Teoremas sdo o futuro (e o presente):
» Da matematica;
» Do desenvolvimento de software.

Tanto na industria quanto na academia.
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Conclusées

Matematica

Principais caracteristicas do processo:
» Verificacdo mecanica de provas;
» Assisténcia na construcdo de provas;
» Reaproveitamento de scripts;
» Repositérios;
Principais beneficios derivados:
» Produtividade;
» Correcdo;
» Uniformidade;

» Agilidade na publicacdo de originais.
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Conclusées

Desenvolvimento de Software Certificado

Roteiro basico:
© Escreva as especificacdes como expressdes de tipo;

© Use uma légica poderosa o suficiente e certifique-se de que a
especificacdo esteja correta;

© Interprete a especificacio como um teorema;
© Construa a prova do teorema usando uma légica construtiva;
© Use o provador de teoremas para verificar a prova;

@ Converta a prova para um programa de computador usando o recurso
de extracao de cédigo.

Uso de métodos matematicos no lugar de métodos empiricos e subjetivos.
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Conclusées

Certificacdo de Software ja Desenvolvido

Roteiro basico:
© Construir um termo que represente o programa;
© Obter a expressdo de tipo deste termo;

© \Verificar se a mesma corresponde a especificacdo desejada.
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Conclusées

Computadores e Matematica

v

Nio é facil mas € muito recompensador;

v

Espero que vocés tenham gostado;

v

Me perguntem se quiserem mais referéncias;
» Me escrevam se tiverem perguntas ou sugestoes;

» Me avisem caso planejem trabalhar nesta area.

Obrigado!
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Referéncias
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Referéncias

Referéncias

Est3o todas disponiveis na pagina do nosso grupo de estudos:
Provadores de Teoremas e suas Aplicacdes
http://marcusramos.com.br/univasf/provadores/
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